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Introduction

* In discussing the analysis and design of
various structures, we had two primary
concerns:

— the strength of the structure, i.e. its ability to
support a specified load without experiencing
excessive stresses;

— the ability of the structure to support a specified
load without undergoing unacceptable
deformations.
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introauctuion

— Now we shall be concerned with stability of the
structure,

e with its ability to support a given load without
experiencing a sudden change in its configuration.

— Our discussion will relate mainly to columns,

* the analysis and design of vertical prismatic members
supporting axial loads.

- Structures may fail in a variety of ways, depending

on the:
* Type of structure ¢ Conditions of support
* Kinds of loads e Material used

Introduction

* Failure is prevented by designing structures so that
the maximum stresses and maximum
displacements remain within tolerable limits. l

* Strength and stiffness are important factors in
design as we have already discussed

* Another type of failure is buckling

* If an element length is an order of magnitude large
than either of its other dimensions and is under :
compressive load, it is called a columns.

* Due to its size its axial displacement is going to be
very small compared to its lateral deflection callec T
buckling.

cr

(a)
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 Quite often the buckling of column can lead to
sudden and dramatic failure. And as a result, special
attention must be given to design of column so that
they can safely support the loads.

* Buckling is not limited to columns.
— Can occur in many kinds of structures
— Can take many forms
— Step on empty aluminum can
— Major cause of failure in structures

Critical Load

* This is analogous to a ball placed on a smooth
surface
— If the surface is concave (inside of a dish) the equilibrium is
stable and the ball always returns to the low point when
disturbed
— If the surface is convex (like a dome) the ball can

theoretically be in equilibrium on the top surface, but the
equilibrium is unstable and the ball rolls away

— If the surface is perfectly flat, the ball is in neutral
equilibrium and stays where placed.
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Critical Load

"

> e=z5

{a) Stable

m\%
\, R
{b) {c) \,\

Unstable

, e— i
{d) Neutral

Figure 1 The thres states of equilibrium

O* (c)
:; [ (a) Stable, (b) neutral, (¢) unstable.
V=V, +wr(l-cos ) V=V, —wr(l-cos0)

equlibrium:%=+wrsin¢9=0:>9=0 equlibrium:%z—wrsin9=0:>9=0

2V 2
Ve |, =+wr>0 Unstable equlibrium :

deZ |0:0 =—wr <(

stable equlibrium: Z
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%4 Small diformation

() V="V, + W 0A02)2)

(i) V="V,

7T

(i) V= Vo =W+ OA(8*/2)

Fig. 1.2 Potential energy V as a function of displacement of the sphere in Fig. 1.1. (i) Stable,
(i) neutral, (i) unstable.

Buckling & Stability

P
i * Consider the figure, Hypothetical structure
}O % * Two rigid bars joined by a pin the center,
held in a vertical position by a spring
L * Both end have simple supports at the end
2 and are compressed by an axial load P.

N . _ .
A MM ////gj Elasticity of the buckling model is

concentrated in the spring ( real model can
bend throughout its length)

= e Two bars are perfectly aligned
* Load P is along the vertical axis
e Spring is unstressed

e Barisin direct compression
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* Structure is disturbed by an external force that
causes point A to move a small distance
laterally.

ml
2|~

* Rigid bars rotate through small angles 0 =63

* Force develops in the spring

* Direction of the force tends to return the
structure to its original straight position, called
the Restoring Force.

* At the same time, the tendency of the axial compressive force
is to increase the lateral displacement.

* These two actions have opposite effects
— Restoring force tends to decrease displacement
— Axial force tends to increase displacement.

Critical Load

* Now remove the disturbing force:

* |f P is small, the restoring force will dominate over the action of the
axial force and the structure will return to its initial straight position,
in this case Structure is called Stable.

* if Pis large, the lateral displacement of A will increase and the bars
will rotate through larger and larger angles until the structure
collapses, in this case Structure is unstable and fails by lateral
buckling

* Transition between stable and unstable conditions occurs at a
value of the axial force called the Critical Load P_,.
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Find the critical load by considering the
structure in the disturbed position and consider
equilibrium Ptand

*Consider the entire structure as a FBD and sum
the forces in the x direction

Next, consider the upper bar as a free
bodySubjected to axial forces P and force F in the
spring Force is equal to the stiffness k times the
displacement A, F = kA, Since 0 is small, the lateral
displacement of point A is 0L/2, Applying
equilibrium and solving for P: P_=kL/4

2Ptan@=2PO=4PA/L=F = KA Ptan®

trivial: A=0
nontrivial : P, = KL/4

Critical Load

e Which is the critical load

— At this value the structure is in equilibrium regardless
of the magnitude of the angle (provided it stays small)

— Critical load is the only load for which the structure will
be in equilibrium in the disturbed position

— At this value, restoring effect of the moment in the
spring matches the buckling effect of the axial load

— Represents the boundary between the stable and
unstable conditions.
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Critical Load

* If the axial load is less than P_, the effect of
the moment in the spring dominates and
the structure returns to the vertical position
after a small disturbance — stable condition.

* If the axial load is larger than P, the effect
of the axial force predominates and the
structure buckles — unstable condition.

Critical Load

* The boundary between stability

and instability is called neutral Unstable
T ) equilibrium
eq uilibrium. Bifurcation point
* The critical point, after which the Neutral —11 T
deflections of the member equilibrium

become very large, is called the
. . . Stable
"bifurcation point" of the system. cquilibriam 1 | 5=

0
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Fig. 1.7 Relationship between axial force and (a) longitudi i
i ngitudinal displacement A -
verse displacement A, for the structure in Fig: 1.5 ; AR o
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Fig. 1.20 Buckling modes for the system in Fig. 1.19.
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-

The critical load for other column can be expressed in terms of
the critical buckling load for a pin-ended column.

From symmetry conditions at the point of inflection occurs at "
L. -

Therefore the middle half of the column can be taken out and
treated as a pin-ended column of length L_.=L/2

Yielding: Fixed ends
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s
—+uw=0 -
ds H
d2‘9+ﬂ2d_W:o ) b)) ) g4 Cuns 58 Biia by
ds* ds
. dw S ela JE et alla ja asSaal )
0= (55 4 4a 5 L)

K0 S B 5 s maie ey Jalad Jresil i Alalas

2

—+ 4’ sinf=0
S
1l ) s SIS 5 2d 2 pa) Addlas @pea
2
[2 d fﬁdswzjzsinede:o
ds” ds

120 by S¥alee g 8 ki 0 L

d(cos @)= sin 6d6

d (d@)z _,d°0.do

ds\ ds ds* ds
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1D glite AL g3 j1 ) o) gaad paal S i/ Addlza

| d(%)z —242° [ d(cos 6)=0

220 K0 Jeala il Yol s S S

2
(?j —2u°cosf=C
s
do  ytF i) 0 e Linil 4 47 L
TZU atx = U, A W s >4 &
(s

l . ,
(moment = 0=—= 0orp = o, straight Ime) and 6 = 6,
p

KT L ) Kail culs 2l ol
C = =2y’ cos b, 2 (e ity g pall S ColS ol ol

il dnien lee o YU haol s i Ces 3ola L

(ﬁ)— - 2,(12[c05 @ —cosby) = 0

ds

gl 48 8 da Y abol y I S

df
ds =
V2H\/cos 8 = cos b,
" 4K? 4EIK 5 B mEl
— - — an y = ——s—
2JEI 2 Iz

230 K0 als il Yo sl i s € S

1 ‘ df
V21 o \/cosB — cos By

£_
> =

/'1'2 , I /n d6
& = or
Jo V21 4, \/cos @ — cos By

or

2 b df

L ==
HJ, V2cost —2cosb,

(1.11.11)

Al pad Cada (6 & &K agan 0 S lagla b e Cadle auil 45518 Aa
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.3 . b
cosf = 1 —2sin~ = and cosly = 1-2 sin” —

Ipadte ool _p j iy gemn s _pi) doles

lllhi— S —
Vs >
7]
ein% =« yb‘f-él-!{)g_;_)f.u "JL""(.;{).-'
5 e - e .
siny = « sin ¢@ chlie & ppa _ppiie 6 sma s
1 6 .f +f » o
5cos5df = acos ¢ dd O s Sl séo
AP a1 df) ooy sl Cons
G 2acospddp  2acospdp
= — i —
Vﬁ 1 —sin?§ V1 —a2sin? ¢
i s o8 M Kl 2gan

§=0=¢ =0andf = Oy=singg = 1=¢ = «w/2.

A )
g f"" do R 1 2accos ¢ dop
Blo [ .0, 0 Hlo (/a2—a2sin?¢p\/1—asin’¢
\ gl
2 [’-'-"3 1 acos @ dg
My acosg \/I —a2sin’ ¢
- d 2K
=~ ¢ = = (1.11.17)
Hly /1 —a?sin?¢ H
where:
w/2
= 9 (1.11.18)
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L (A 4y IS _pllge | ilsia () § 4 (5 saap JIAE] 1,11, 1A 4]
My 1)),V YV )y g Gl Jpan @Egjﬁ&@b};ﬁw’ﬁ

,_2K_ 2K o, _ P

= — = —— as = —

u  JpjE T E

P 4K? ,
had (1.11.19)
4K®  4EIK w2 El

)]

and P, =

-~ 2JEl P Iz

9 QPSIPQ 525 ) si K oS i @) o5 il uali i (sle S i S

s 8 duilag i bl ) il e i 4ilas b g 1Ky
dy = dssin 6.

Substituting Eq. (1.11.10) into the above eguation vields

sin & dff

= R
: ‘\,/EIE‘U;COS # — cos Iq” Small A theory
Integrating the above equation gives %
Y 1 sin f df 1 [l sin # df
dy=——[ ———— or y,, =—
0 EL’ i, ' CO8 #— cos H-jj ) 2}3_ i} { 4 |9-:|

I

\ sin > sin 3
. PN L T

Recall sin (6/2) = asing and df = 2acosgdp//1 — a? sin® ¢

Hence, /

sin# = 2sin—cos— = 2sin—y/ | —<ii11EE = 2a Siutf)\/l — a?sin’ @

i 2sin cos : 2\; sin® > . .

1 [ sin 6 d@

Ve = — ————————r
Y 2k. 0 .": 5 H.;_. .2 #
\ 3in E — §1n E

1 [™22asin¢ vfmzli cos ¢ dep

2k Jy \/’(Ez—nzgﬁinjtf)\/l —Qzﬁingtf)
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2a [T/ . 2o Vi 2a
¥, = 0 = . ; sin g dg =7 o 7= T3
m .'I_
\1" Pg

The distance between the two load points (x-coordinates) can be deter-
mined from
dx = dscost

Substituting Eq. (1.11.10) into the above equation vields
cos f dff

ﬁk«jcm #—costy

dx =

Integrating (x,, is the x-coordinate at the midheight) the above equation
gives

[*' | v cos f df 1 /‘“ cos # df
dy = = —— _ or
Jo 2k Jg, v/cos B — cos B VikJg, V2cosf — 2cosh

1 cos f di
X = —
Jo -

Recall sin (#/2) = asing and df = 2acosgdg/v/1 — a?sin® ¢

and cosf = cos® (8/2) —sin® (#/2) =1 —2sin? (#/2) = 1 —2a%sin’ ¢

1 /"ﬁ-i cos # dff
X = —
S0 (

2k L Y
1|’.'I S11 E — Sl E

1 /*" (1 — 207 sin® ¢)2a cos ¢ dop
2k Jq \,.-f a2 — a2 sin’ q&xu.-f 1 — a?sin? ¢
1 /”-"3 (1 — 2a?sin” ¢)dg

(¥

k.

—
/ . 2
V1= a?sin® ¢

/2 2 2
wo= o, =2 [ BT B0
] == ]

0 W 1 — o= sin” ¢

k.
= —/ V1 —a?sin® ¢ do
k Jo

2E(a) —

2 /‘T."__-"? dep
ko V1 —alsin? g ok
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where E(a) is the complete elliptic integral of the second kind

X0 _ 4E(a) { — 4E(w)

/ , p P
VE "\ g

The complete elliptic integral of the first kind can be evaluated by an intinite
series given by

K =

f‘”-"? d
0 V1—aZsin® g
T 1\? , 1:3}2 | 1:3:5\2 ,
=—|1+(=)a®+[—] a*+ af oo | witha? < 1
2{ (2) (2»4) (21443) i

Summing the first four terms of the above infinite series for & = 0.5 yields
K = 1.685174.

Likewise, the complete elliptic integral of the second kind can be evaluated
by an infinite series given by

w2
E = f V1 —aZsin® ¢ do
1]

. 1"\, 1-3\2at 1-3-5\2a® bl <1
— — — = __ - - - — s e s "t =
2 2]« 24) 3 \23%6) 5 with @

Sumumning the first four terms of the above infinite series for & = 0.5 vields

E =1.46746. These two infinite series can be programmed as shown or can
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v rau n rirE ymee LIRS
0/0 m/2 m/2 .0 1. 0 1.

20/.349 1.583 1.5588 174 1.015 A10 0.9700
40/.698 1.620 1.5238 342 1.063 211 0.8818
60/1.047 1.686 1.4675 500 1.152 296 0.7408
90/1.5708 1.8539 1.3507 707 1.3929 3814 0.4572
120/2.0944  2.1564 1.2111 866 1.8846 4016 (.1233
150/2.618  2.7677 1.0764 9639 3.1045 349 —0.2222
170/2.967 4.4956 1.0040 .999 3.1910 2222 —(.5533

179.996/m 1255264 1.0000 0.9999999999 63.86  .07966 —(0.8407

Figure 1-25 Postbuckling shape of wiry column

2.22 [Initial bow or lack of straightness

| Figure_ 2..3 shows a uniform elastic pin-ended strut which is slightly bowed
when it is not loaded. w and w,, represent the transverse displacements (from
the load axis) when the strut is, respectively, loaded and not loaded.

. The b(_ending moment in the loaded strut is M = Pw. The bending moment
1s proportional to the change of curvature: : |

h S |
M = EJ (E 2 R—O) (2.16)

where
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d?w d?w,
P + pw = a2 where u* = PJEI, (2.17)

Whatever the shape of the unloaded strut, it can be represented as a
Fourier series

Wo = ), d; sin F%, el 2,y 08, .(2.18)

in which the amplitudes a; are known or can be found by measurement.
Similarly, the displacements of the loaded strut can be written

inx

L- L)
in which the amplitudes a; are to be found.

Substitution for w and w, in Eq. (2.17) gives

w=) asin =TT 2, vy 08 (2.19)

22

itn? inx inx T intx

. 1 =
_Zal.?Sjn —Ij+“2 Y a; sin 0 e —Zai?sm T (2.20)
The ith term is obtained by omitting the summation signs:
Lo L Pl
— a,.% sin 1_7th + p?a; sin % = —a,-T sin %‘ (2.21)

If this is satisfied for all values of i, then Eq. (2.20) is automatically satisfied.
It is not difficult to reduce Eq. (2.21) to

@y = e or a;= i A where P= Pr Bl
ai_l—-(szZ/izﬂz)’ ol B R 3 '
(2.22)

The effect of the thrust P is to increase the amplitude of the ith term of the
original Fourier series by an amplification factor, 1/[1 — (P/P})], which becomes
infinitely large as P — P;.

Provided the shape of the unloaded strut is known and can be broken
down into its Fourier components (g;), then the Fourier components for the
loaded strut (a;) can be found from Eq. (2.22); the total deformation of the
loaded strut can be found from Eq. (2.19).

Suppose the load is increased steadily from zero. As it approaches the first
critical load (P,, or Pg), the amplitude of the first mode becomes very large—
larger than all the others, which can be neglected in consequence. It follows
that for loads close to the Euler load, the displacement can be written

nx

= a; . MX
e e (B/P;) sin —. (223)
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10 (say)

0 m

(w)x=LI2

Transverse Load:

Uniformly Distributed Transverse load (pin ended):

The boundary conditions B= %
i
=0Qatx=0and x =L, -
w at x e q;a 1 _COSHL)=-q—2tan&,
Pu sin uL Pu 2
B Lo — i) ki (® — <L),
W_W(tan 5 sin pux + cos px )+2P( )
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5 ql? ql’
- Mmm‘.:_ 3
Wmax = 383 ET PP g P2

B, =-5%{2 g = 1)~ ﬁz=§ (sec ¢ — 1),

il Loyb B l
s W T Rl Y
]_
P B4
Fg
i By Gaso fa, s, —L )
o .y
0 D T 0 SR R 0N [ 1
1 1.5°2 263 4 '5.6'7 8910
B
Central point load (pin ended): :
4 B
Q p : - x P
M= +Pw+—x. 0 Q
2. - 2
d2w }z “a
‘——-i-—i-p,zw::—__Q_x P A_ -M _+__
dx 2B

— Mt
; 2 x fo 4
W=A5i=n,ux+Bcosyx—-:2%x, 2i

The. boundary conditions (W=0at x=0and w=0 at X= L)

T sec —
Q[ sin ux
W=
5 o } 0<x<Lp2
1 COS —
2
KL I
tan — fan ~—
stys bR Womae |2 ], m B 2
o 41 4L
3 o
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T AR A g
tan ¢ bl L [P, &P
ﬁs—ag(tancb—cﬁ), Ba= s 2 " 2N\Er 3P

End-couples: stiffness and carry-over factors
S = —(M,+ M,)/L.

d?w

M= +Pw+Sx+ M,= —EI 5
dx

: Sx M,
w=Asm,ux+Bcos,ux—§—— \

The boundary conditions are;

w=20 and w =40

w=0 and - w =0

M,=skf,, M,=cM,

_ (pL/2)(1 — pL cot pL) dhes puL —sin pL
~ tan (uL/2) — (uL/2) ° sin uL — puL cos uL’

_EI

kL.
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JLawviiiLy o S
. Y cosh{ — ysinh o ¢ sin & — ¢ cos ¢
functions: 2~ Zcosh ¢~ Usinh ¥ 2 2cosd—dsind
2 _ .
125 oo Vsinhy — sce_ ¥ -ésned
q=7z'2EI 2= 2 cosh { —  sinh ¥ 2-2cos¢—dsind
inwhich ?=—n?g...... inwhich ¢*=n%g ......
_ (uL2)(1 — pL cot pL) _ pL—sinpL
" tan (pL/2) — (uLf2) €= Sn puL — pL cos uL’
k=El
=3
e 5
L | o] i o 1 | 1 | o |
-}z —=10 -3 -6 -4 -2 0 2 4 6 8 10 s5,¢
|
-2
=3 5 5
-4

1.13. INELASTIC BUCKLING OF STRAIGHT COLUMN

1.13.1. Double-Modulus (Reduced Modulus) Theory i

Assumptions i

1) Small displacement theory holds.

2) Plane sections remain plane. This assumption is called Bernoulli, or
Euler, or Navier hypothesis.

3) The relationship between the stress and strain in any longitudinal fiber is
given by the stress-strain diagram of the material (compression and

tension, the same relationship).

4) The column section 1s at least singly symmetric, and the plane of bending L
is the plane of symmetry.
5) The axial load remains constant as the member moves from the straight
to the deformed position.
P Loading E, governs {5\
P=PF, - S E

Unloading £ governs




~
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p dx*  dx | 1
I

zdf=¢gdx & 2zd0=g¢,dx sl < dr
(44 I

zd0/dx=¢ & zdO/dx=¢, e LN

§ =W & =2W B |

Gl = Egl = EZI ‘/‘; ag = El‘! l'l': h\-\

4
o,= Et, Inside ) o,

Aave L ressiv
concave o Compressive Outside

. - stress
Ep: the slope of stress-strain = convex

curve al o=a,,

[o1dA +[o,dA = [ EzWdA + [ E,zwdA =0
A A A A

0, = Et & = Etzzvvn

Ww(E[dA+E, [ dA)=0= EQ +EQ, =0

A A
jalzldA + Iazzzdz@ = jEZdeA + IE,Zf wdA =-Pw
A A A A

W (E[ZdA+E, [ 2dA)=—-Pw=> (EI,+ EL,)W + Pw=0
A A

EI
EI=El+EI, =E, =%

Tangent-Modulus Theory

Assumptions

The assumptions are the same as those used in the double-
modulus theory, except assumption 5. The axial load increases
during the transition from the straight to slightly bent position,
such that the increase in average stress in compression is
greater than the decrease in stress due to bending at the
extreme fiber on the convex side. The compressive stress
increases at all points; the tangent modulus governs the entire
cross section.

If the load increment is assumed to be negligibly small such
that: AP <<< P

EL"+Py =0
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An axially loaded, simply supported column is made of structural steel with the

following mechanical properties:
E =30000 ksi;or =28:0ksi o, =36ksi; and tangent moduli given in Table 1-2.

Tangent moduli measured
otoror(ksi) 28 29 30 31 32 33 34 35 355 36

T=Et/E 1.00 098 096 0.93 0.88 0.77 055 0.31 0.16 0.00

h
hy + h, Locations of NA:
T EQi+EQ =0 hi+hy = h
i Iy ha
: Ql = / Z]dx‘]. Q2 = / Zjd_r‘].
: S JUO
S h
NA Iy ] 2
! Q = / zihdz) = ;—?zf " = Mj
% N ¥ Jo 2 0 2
Lﬁ_..z_l_‘ Q = —(hij/2)
—I+— >+
Ebh} /2= E,bh; /2= E,b(h—h)* /2
h =hJE (NE+E) & h =hE(JE+,[E)
_bi _bi'  E.JE | _bm b EVE
'3 3 (E+JE) * 3 3 (JE+JE)
_EL+EI,  4EE,
g I (\/E+\/E)2
Ext hy/h LI I3 1 (1) = (4) [(3) + (5)] a o, a,  alt[(7)/(1)]
(1) (2) (3) (4) (5] (6) (7 (8)
L. 3000 3000 SO0 5000 L. 28.0 28.00
0.98 4975 4925 S076 4975 ().9899 29.0 29.60
.96 49350 4848 Al55 0 4494E 0.9797 30,0 31.25
(.93 4910 4733 L2770 4908 (.96410) 31.0 33.33
(.88 4840 4536 5495 4835 0.9371 32.0 36.36
0.77 4674 4084 6044 4654 0.8738 33.0 42,86
(.55 4238 3088 75372 4165 0.7233 34.0 6G1.82
.31 A576 0 1IR30 10602 32ET 05116 3.0 112,90
0.16 2857 0933 145377 2332 0.3265 33.5 221.88

oo 0000 0o0g 40000 k0 L0000 36.0 oo




www.SoftCivil.ir o g SaBlw wnaid il Gskoro g ol sos 39 0932 g 039 3 ¢ b HUGI; 39L1S a2 30
double-modulus theory and assuming that the cross section of the

column is a square of side h.
3) The critical average stress P/A for £/r= 20, 40, 60, 80, 100, 120,
140, 160, 180, and 200 using the tangent-modulus theory in the inelastic

range.
Eir o, £fr Ac For asc ot o Remarks
12,83 28.0 2000 2.21 f.49 7.402 7.402

100,53 29.0 180 198 K01 9.138 9,138
98.33 300 160 196 10.14 11.566 11.566
95.96 3.0 140 154 1325 15.107 15.107

elastic

93,12 32.0 120 132 18.03 20.5362 20562
85,54 330 100 110 21.64 29609 29,000
79.47 340 8D 08% 2399 46264 33.200
65.79 35.0  6b) 0.66 2997 82247 34.200 b 7y, from graph
52.18 355 40 044 3318 185.055  35.300
0.00 36.0 20 022 3327 740.220  35.990
0 0.00 3600 o 36.000 ¢

Example : Consider Simply supportedcolumn with rectangular cross section and Stress— Strain relation :
o, S5Eeg .
oc=—|4+tanh(—-4)| for c>0, &oc=E¢ for c<o, where oc,=08c, Find: o-L/r
5 p p p Y

y
relation for E,E & E..

Tangentmod uluse: E, = ili—a = E(l —tanh® (% - 4)] = E(l — (5—6 — 4)2J
o o

& y y
Re duced mod ulus : E, z(\/—;f%

7*E E —ﬁzE’ = E
=gy = WG, & T T WG,
@.), TE (Lr), =7 |

() (©.),
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/o, EE EYE  EE WWJGE U/f)r/\/f:; (L/”r/Jf:;
0-0.8 1 1 1 3.141 Jo, /o 3.141yo,/o 3.141V%/°

0.82 1 0.99 0.995 3.469 3.452 3.461
0.84 1 0.96 0.980 3.428 3.359 3.393
0.86 1 0.91 0.953 3.388 3.232 3.308
0.88 1 0.84 0.915 3.349 3.069 3.203
0.9 1 0.75 0.862 3.312 2.868 3.074
0.92 1 0.64 0.790 3.275 2.620 2911
0.94 1 0.51 0.694 3.240 2.314 2.700
0.96 1 0.36 0.563 3.206 1.924 2.405
0.98 1 0.19 0.369 3.173 1.383 1.927
1 1 0 0.000 3.142 0.000 0.000
12
! —
g ——double
o/o \

. \ = tangent
0.4

0.2 \
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e

B =5 S B T e ESV/VA TV v
FS.| Ylc.) | <. C.
A"
P T r
— s I'_',= vl Cc Al _:_?)}_‘i}_=&:|
. TT'{:J._}T ;1: - T Jmax

-
~=KL/r
AISD LRFD ey
Fy (F-F-Y-1+) abal,
FEE,
| | (F—F-¥— 1o adat

|

|

: >

F L=KL/r

F

' v (=
AR £ 3
l"}_.

I-' ='l|-'r"nl"|l"|I-L:

cr
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AR ELYA YYARER fA RALINVIAIEL INUIVIDIVIK UDR DRLGOGKBEERED UR
FREEMMNRAM TND NOATE WWITTET AR tnan\q‘ITE NUMBER

APPROXIMATIONS USING CONTINUOUS
DISPLACEMENT FUNCTIONS

Intensity, q, of tranverse load

Rayleigh-Ritz method: approximations using 1
one degree of freedom W—Wﬂm

] Cp ] E
L L L =
V=U+V, =jE W'zdx—fjwzdx—jqwdx w= ad(x)
0 2 2 0 0
L L L
V=U+V, = azjﬂwzdx—fazjqﬁ”dx— a qpdx
0 2 2 0 0
L L L
v_, [ B¢ dx— P[ ¢ dx |- [ qgdx=0
da 0 0 0
[ agax [ Elg dx
Trivial Sol.: a =+ ¢ - Nontrivial Sol.: P, =-—
J‘EI¢”2dX_ PJ‘¢,2dX J‘¢/2dX

Example No. 1
Suppose that the strut is pin-ended and has a uniform cross-section (EI

constant). A suitable deflected shape might be the parabola,
$(x) = xL — x2.
Substitution in Eq. (1.101) yields the following result for the critical load:

o
EI | (=2) dx
0

L
J'EI¢I12dX P 0 2 li'.zEI .
=4 |(L—2x)2dx
J‘¢,2dX
0
——
) r— "
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curve for a simply supported beam with a uniformly distributed load:

d(x) = x* — 2x3L + xI3. (1.104)

This satisfies all the boundary conditions for a pin-ended strut (p=¢"=0at

x =0, L) and it is easy to show that when it is used in Eq. (1.101), the critical
load is :

p=228 _ (1.105)

This is almost indistinguishable from the correct value. Clearly, the best
approximations are obtained when ¢(x) is chosen to satisfy all the boundary

conditions
Example No. 3
Suppose that a sine curve is chosen as the displacement function:
. WX g n X ! . mx
¢(x) = sin T ¢ (x)szcos = ¢"(x)= g sin . (1.106)
Equation (1.101) gives the critical load as
Lo 4 4
B[ Tosin? Zax pr=l
B S0 B E - Y T2 _wH (1.107)
=3 I-Ln'lcibsz mx Tk T B '
fa I L 22

{}*u
e o
S
G
>
("
(-
5 T Epd ia A a2 L E
_L (¢) dx=jofcos Idx=§5,
ek el | 5 X
| EI(¢") dx=2 | (0.4E) 75 sin® - dx
Jy s 1
Ljz2 ;l'["' s X% -
+2 [ (BN Tz sin® - dx - R
*Li5 ‘G"‘ G
n*L{1 e
zO.SEIi;—Z—(S—Esm 5) 1 D
LAl B, L. L5 2_;;) N
+2EIE§(§—§;smn—-§+2nsm 5

nL 4514
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d(x) = smf

L/S

J g il  nadii b

P
:::=| 2ET/5 I

L/5
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! L/5 ! 3L/5 l

41/5

IEI(X)¢”2dX = J. (sm—) dx+ I(sm—) dx+g I (s1n—) dx

p =2 -

4L/5

cr I¢,2dX
0

EI

Exact Solution : =8.51 f

!(cos f)z dx

Err:9.2%

Rayleigh-Ritz methodt: approximations using
two or more degrees of freedom

V=U+V, = j

0

L
wldx— L Llwrax-
2 0

0

L
J‘ qwdx

w= a¢(x)

V=U+V,= j H(Sagofax-2 [(Zag(0f dv- [q¥agdx

0
i
Oa,

o

L

[ EI(g)dx wa{'qﬁz”dx

~c

0

or: || | Elgigldx TEI(@")de

L

L ’ L :
[ Elgigax [ Elgigdx
Lo 0

0

Or: (U]~ P[V]a}

L
la} U, =[Eigpax
0

) ]
[ Elgigdx
0

. [EIggdx | p j¢¢1dx j(¢2)dx o

J EilgFas

0

= [ EI(Y a0 p)(x0dx— Pj (S agi (0 (x)dx- jqqﬁdx 0 j=12,.

L

[ (@) dx I Fpdx .

l_,o

0

T [ogion

~[gpax

2 F1=92936—
I I

EI

JL. q¢,dx
T q¢,dx

. :
_[ q¢,dx
0
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@1(x) = (x* — 2Lx® + Bx)/I%,

@2(x) = (4x°L — 383x)/I* (0 <x< %)

P
(24 —136p)  (—75+427p)]|as| _ |0 _ py2
(=75 + 427p) (240 — I344p)] 7 {Ol’ G }Ei

determinant of the square Mmatrix vanishes, viz:
455p* — 846p + 135 =0. p = 0.17629, 1.68305,

9.85E1 94EI
gem AL

L
a, 24— 136p 75 — 427p

a, 15— 427p 240 — 1344p°

w = a,(d,(x) — 0.0895¢,(x)).

_L_

w=a,¢ +a,f, p P
. .3 ——=| 2EI/5 I 2EI/5
#(x)=sin "> $.(0 =sin == 2E X

, T X , 3z 3nx | L/5 | 3L/5 | L/5 |
X) =—C0os — X) = —C0os — | | | |
¢/ (x) T $,(x) 3 I

2 2
T X 97° . 3mx

KX):_FSinf P(x)=— 2 smT

L L
Uy =[EIxgpdx v, = [ gpdx
0 0

EI El El
Uy =45862—  Up=U, =24451 Uy, =214355

4.935 44.41
PllZT %12:‘/}’2120 UzzzT
45.862 L 4.935P 24451 L
L 5 {al o
24.451% 2143.55%— 44.41P | |a,
P, = 9.2233%

Exact Solution: P, = 8.51% Err:8.4%
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i a
. .2 ——=| 2EI/5 I 2EI/5
#(x)=sin”" $,(x) =sin == R N

, T X , 2r  2nx | L/5 | 3L/5 | L/5 |
X) = —CoS— X) =—C0S— | | | I
$(%) ST %, (%) 7 i
2 2
" T . X " 472' . 27TX
1(X):_FSIHI ) (X) =— Iz sin —

L L
Uy =[EIx)gpdx V= [g)dx
0 0

EI El
U, =45862—  Up=U, =0 U,=635987—
4.935 19.96
Pll:T Vo2 =Vpy =0 UzzzT
45.862531— 4935F 0 a
0 635.987 2 - 2200 [la,
L L

P

crl

= 9.2936% P,= 32.219%

w=a +a,p, + ayp, P P
. .3 .5 == 2EI/5 I 2EI/5
qﬁl(x):smﬂ—z( ¢2(X):sm%x @(x):sm%x F %::

, T X , 37 3nx , Sz Snx | L5 | 3L/5 | L/5 |
X) = —cos — X) = ~—cos — X) = =—cos — | | | |
# (%) 75T $ (%) 7 3 #;(x) i3 3

2 X 97’ 2577 . SLX
2

oy T T L3
#(x) = LlenL # (%) I sm I3 P (x) IB S I
JER 1 RN L. YT R ~113.906 2
L r L a,
2143.55%—44'211) —2488.11% a,r=0
a
SYM 23134.689%—123'371) }
P _891H Err: %5.5

crl 2
L
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AT TTLTZ T TTATS - =

2 3 A
¢1(x)—s1nf ¢2(x)—s1nT ¢3(x)—s1nT | oL | 061 |
W:Ealcosﬂ—x +2—nazcoszix+3—”a;cos3ix R{}
L L L L . : .
. omx 47 . 2mx 97 3mx %N \L A A
W =-">5asin— ——-a,sin—-—-a,sin—
L L L L
T EI
V=U+V,+V, I7(23¢'(x))zdx——j(23¢(x) dx— RA
0
El 7" L Pr’
7F_( [ +16a; +8la 2)——7—(211 +4a; +9a;)— RA
WMx=04L)=A A=0.9511a +0.5878a,—-0.5878a, =0
2—V=0 =123
a;
l-a 0 0 0.9511 |,
1
4(4-a) 0 0.5878 3
99 -a) 2log o=L =28
—-0.5878 || a, P 7" EI
0 r
Det=0 a’—12.450+32.542=0 a,=3.733 & a,=8.717
2
P, = 7" El Exact Solution =3.725% fl
r L
P P
== S
X 27x 3nx A A A
WzaISinI+azsmT+a3SinT 0.4L. 0.2 0.41
1 RI @I 1
N = A
A1V A2
L L
EI " P N
V=U+V, + V= [ (Tad0) de- 2 [(Tagi(0) ds-RA, - Ra,
0 0
Z—Vzo i=123
a

wWx=04L)=A, A, =09511a, +0.5878a,—0.5878a, =0
wx=0.6L)=A, A,=0.9511a, -0.5878a,—0.5878a, =0
[ 1-«a 0 0 0.9511  0.9511 |[a,
4(4-a) 0 0.5878 —0.5878 ||a,

99-a) —0.5878 —0.5878]<a, =0

09511 0.5878 —-0.5878 0 0 L
109511 —0.5878 —0.5878 0 0 |lr,
P 2r 2
a=— L =——F— L=———
p cEN BTt
2
Det=0 a=9 P, 9%
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W=alsm—+a2SmT+a3smT+a4smT
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=" f——
A AN
0.4L 0.2L 0.4L
| Yy % |
~ A1 L a2 E

dx

V=U+Y,+ V= [T agof ax- - [(Sag(of dx-Ra, - RA,

ov =0 1=1234
oa,
WMx=04L)=A,
Mx=0.6L)=A,

2
1)crl = 97[T2EY & P

crl

7 El

r

=13.041

Finite difference method:

Wil
Wi

A, =0.9511a, +0.5878a, —0.5878a, —0.9511a, =0
A, =0.9511a, —0.5878a, —0.5878a, +0.9511a, =0

dw . W -W w -w Wi+
d_ — llm (X+h)h (x) ~ (X+h)h (x) —
Ix h—0
dw W, — W, )
—| ., *——L=Aw  foreward difference (F.D.)
dX X=X; h 1
dw W.. —W. i x=h xi Xi+h
— |, ¥~ —"=L=Aw centeral difference (C.D.)
dx'™%" 2h '
dw W, — W, )
—|._. ~—~—*"L=Aw.  backward difference (B.D.)
dX X=X; h 1
5 Wa—W _ W =W,
dw Wiz = W
| F AT = A(Aw) = A bt
Ay = Wit ~2Wt Wy [ TN
1 h2 Wii2 //
3 WiI
d'w ~ Nw = Wiy =2W, +2W, — W,
d)g X=X; 1 2h3 & g
4 %
dw) ey, - W — AW, HOW AW, W,
dX4 X=X i h4 Xi-h Xi Xi+}
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Or. i ZhAV‘g 1 T7T0 =1 0 1 O] Wi,
. 242 ‘/Vj_l
PAw O 1 -2 1 0
Al W, C. D.
2w | |1 2 0 -2 1
" ‘Mﬂ
A W, 1 -4 6 -4 1
L -4 L L Wiz
w1 1 0 o o]
) ‘/Viﬂ
A w, =21 00
T — v‘é+2 F D
FANw | -1 3 -3 1 0
" Wiss
h'Atw, I -4 6 -41
L - — —_"Vi+4_
] o ]
hAw, 0 0 0 ~-11
2 A2 VVi_3
BAw 0O 0 1 =21
343 = VVI._Z B D
PAw 0 -1 3 -3 1
444 M
FAw | [1 -4 6 -4 1
i 1L LW
Example: B ﬂ
d2W+(£ W—O _’(l‘i
0l El A N o
W+1_2]1‘:§+w_1+ﬂ2“/1':0 or .

W, + (1’ =2)w,+w_, =0

* ~
Point 1:  w,+(u’h* —=2)w; +w,=0 o S 1 j
8EI > *
=2 = P =" B o
L
Symmetric Consideration :
Point 11 wy+(u*h* =2)w +w, =0 ‘o fq 2 3
2p2 OET 25C s .
u'h=1= P = Iz o

Without Symmetric Consideration :

Point 1: Point 2: \)[/1+(/12h2—2)VV2+VV3=0

Wy + (4’ b =2)wi +w, =0

C

crl —

(R =Dw+w=0 & W+’ -Dw=0 p'h’-2=% =
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Err=P

J g il  nadii b

P, w I
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or.

Err ~ ch’

exact
LY LY P —n’P
EITI ~ ‘Papprox_ ‘Pcrl =4 — & Errz ~P =C — | = Papprox_ 1 cr; 22 crl
o, m, n —m
2 Err.
P.I’/EI
n=2 8 19
n=3 9 9
n=4 9.373 5
n=5 9.549
nl=2 9.8 0.7
n2=3
nl=3 9.852 0.18
n2=4
nl=4 9.861 0,08
n2=5
nl=2 9.844 0.26
n2=5
W — W Wil
Aw, = —_=L(C.D) Wi T~
(1+a)h /
Wi+
ey 2w~ o) w +aw,)
i 2
a(l+a)h
h ol
Example: el o, Xl
2 P
dx \ EI g
2( (I+a)w + ) l[ L/4 l[ L2 l L/4 l[
W, — o)W+ aw.
i+1 i i : i—1 /ujz VVI — O or
a;(1+a,)h,
s 5 L/6 5L/24 L/4 SL/24 L/6
2w, +Ha(1+a)p b =20+ a))w, +2a,w_ =0 po_ I 2 > 1 0 p
= I T4
| L4 | L2 | L4 |

Point 1:a, =125 h=L/6 u =-4P/El =2u | ' |
2w, +(1.25(4)(1+1.25)1° L /36 —-2(1+1.25))w; =0
2w, +(0.31254° L —4.5)w; =0
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Pomt 2:a,=12h =5L/24 u,=u
2w, +(1.2(25)(1+1.2)4° L /576 = 2(1+1.2))w, +2.4w, =0
(0.1130°C —2.4)w, +2.4w =0

(0.11302° 2 —2.4)(0.31254° —=4.5)—4.8=0

2 7’ El
0.03534° ~125855+6=0 f=567 P, =0574"
2
P =063" 2L Err:122%
L

for Constant EI and P
wY +(£ w=q
EI
W, (W0~ w, + (2R 4 0w+ (W~ + W, = g bt [El
For var iable EI and P

(Etw) +(Pw) =q
_ (EIW),, = 2(EIW), +(EIW),.,

AN (EIW),

=

. Wm2w W, Wig —2W + W, ) Wip —2W, + W
(Etw),, ~ B, M=t (ptw), ~ b, M (), < B, SRt
N(EIW), = El w_, +(=2El,_ +2El)w_, +(EL, _4E£1‘ +El,)w+(2EL+2El, )w,, + El,,,w,,

! h
A(PW’) — _(P“/)i-l/z +(P“/)i+1/2
h
P P

(PW)., = b (=W, +w) (PW),,, = h -w+w,)
A(PW), = Py =(Pon + Py Wi+ Py W)

hZ

EI_w,_, +(-2El_ —2FEI, +h2}3—1/2)“§—1 +(El,, +4El + El,,, _hZ(R—l/z + P W
h4
+ (=2EI, =2EI,, + h'P,,,,) W, + EL,, W, _
h4
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Boundary conditions: Wor. .
pinend : ’ K jw@

W, —2w + W

AZW)OZO =0 WO_ZO)W—lz_Wl
h
-1 0 I
fixend : -
. Wi
- W, + W I‘“ I
Aw), =0 oy S0 W =W
I 2 3 4 5
freeend :
d’'w _dw 3 2 212
V)3:Eld_;8+Pg:0 SAw+u Aw=0 w,=2w, +2w, —w+u h (—w, +w,)=0
2 —
M)3=‘E’Z,ewz‘mzwzw:° W= w4 2w,

W = (P h ~2)2w) + 22~ Py, — w

Q) oy 3 gaae (slga gl gy an 1 JSE A b

™

4
Wo_, +(,U2h2 —dDw_ + (_2/”2}12 +6)w; +(,u2h2 —Dw,, +w,,= qih4

Point 1: W_l+(,L12h2—4)%+(—2,u2h2+6)Wl+(,uzh2—4)wz+W3=O
(241 +6)w + (1P —2)wy =0
Point 2: wy +(u*h —4)w + (2K +6)w, + (1’ —d)yw, +w, =0
21K -2)w + (217 H +6)w, =0

(6—2a)’ —2(a—2)> =0

W= —w + 2w, o> —8a+14=0 a=4+2

w, =2(u’h* =2)(w; — )
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Stiffness matrix of a strut: Rayleigh-Ritz method

!

Sg

S]——b-
—_—,

Sy
Forces and cduples 1
Ss

Fig. 1.22 Notation for displacements () and forces or couples (S).

w=ax>+bx? +cx +d.

0, w=u, =d,

0, wW=uy=c¢c,

j 8 w=us=al’ +bI? + cL +d,
L, w=us=3al?+2bL +ec.

X ® O
=]

3
W= (2u; — 2ug + Lus + Luﬁ)(E)

2
+ (— 3u; + 3us — 2Lus — Lus)(%_) + uyx + U,

or W= uzqsz(?c) —I— u3¢3(x) + Us ¢’5(x) = u6¢6(‘x)

Gy=283 382 1 1, ¢3_L( —25 + &), 2=
$s= =28 +38%,  ¢e=L( -8, S A
¢y = 6(& — &)/L, ¢y = L(3E = 4¢ + 1)/L,

¢s = 6(—¢& + L)L,

L
v = [ () dx——ff (2 — &) dx
36, 61
="EJ0(§ —2‘53+‘:2)d';=§zs

|| €~ &0 - az + 1) ax

o

L
U3 = _[0 P2y dx =
|
=6 _[o (B¢ =78 + 582 —§) de =4
The second derivatives of the displacement function are

¢35 = 6(2¢ — 1)/2,
¢5 = 6(—2¢ + 1)/,

Sy _['LEf(qfag]z dx = GE" [ (¢ — 1)? dx
N 3651 _ 12E1
TR
u”—J EI$y s dx—%_ (2& — 1)(3¢ — 2) dx
125 6EI

[ (662~ 72 +2)dg = .

¢3=2(3¢ - 2)/L,
¢ =2(3¢ — 1)/L.

$s= L(3E - 20)L

UZG_E = —Usg = —Uzs; ”33=‘1—5L—1’56;
L 6
U:us="%, 055=+-5—E=—r)25

6EI 4EI
Hag ™ 13- = M35 = —¥Us6; Uzz = —7— = Ugg;
- 12E1
T u55=—L3— = —Us.
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”26:_1‘2‘“ = —Hgs = ~—lUsg; Uzz = T = Ugg,
2EI 12E1
u36=—i—§ ﬂssz?—:“uzs

The forces and couples S,, 53, Ss, S¢ are ‘transverse forces’ in the sense
that they cause the strut to deviate from the straight condition. The potential
energy associated with them is —(S,u; + S3u;3 + Ssus + Sgug) and the corre-
sponding generalized forces, according to the definition used in setting up
Eq. (1.111) and (1.113), are:t

92=S53; q3=S5;; 4s = Ss; 95=S;s; (1.133)

The results (1.130), (1.132), and (1.133) may now be gathered together to
construct an equation comparable with Eq. (1.117):

(ke +keu=S (1.134)
i R A | AR 2 6 _12 6]
B L "B I o L
6 6
- _— 2
. E 4 —% 2 K _EI L ¢ L
ke=— ; hlhe F m el
S . g 6 S
2
B E i TOE e, e
&g 2B - g L #E L J
. - L L i
and w={u, u; us ug; S={S, Sy S5 Sqh (1.135b)

The relationships between the axial forces S,, S, and the axial displace-
ments, uy, u, (Fig. 1.22) are determined solely by the axial stiffness of the
strut, EA: k

EA

Sy=—-(u—u)= -5, (1.136)
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of the same form as Eq. (1.134) except that the matrices are now as 10110ws:

[ AL [0° "0 T | I
R P MR L G o s a8l
0 LN I e VR A - TN A, =t
Bl =2 L S8
gl O 6L 42 0 —6L. 28 k5=—f 0 10 BE 0 =10 T80
k=7 b AL Lo o 0 0 0 0
=t 0 0 ==l 0 T W N
0 =19 ek 2 et F, s AR
2 i 2 E; I? L 2
li~4 6L 2 0 6L 412} [ = 0 e EE_
u={u; u, usy uy us ugf, S={S; S S; S, S5 S¢}
(with Axial Force)
EIl ]
My = ? S18,+ Safty — (81 + S2)—
EIT AT '
My, = 7 _S} B+ 516, — (S + SQ}E_ l r |
¥ V= (M, + M, +PAY ¢
EIf A
My =5 4, + Cly— (1+C) 7
- - S . G(3cos B —sin @)
_ . B3 =9 = :
El A 2cosB+B8snB-2
My, =ST Cl,+ 6, — (1+C) —
{ in 3 —
- G s (sin 8 — )
o B(f cosh § — sinh §) a3 = ol = . . _
=9  2—2coshB+ @sinh 8 2L05£+£5111'3 2
p=uL

G(sinh § — &)

2—2cosh §—8smh 3
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JLawuviniy -

h xr

. Y cosh{ — ysinh _ dsind — ¢ cos $
funct|0n5: m2—2cosh¢—¢sinhlb' _2—2cos¢—¢sin¢
: ¢* — b sin
PI2 oo Y sinh ¢ — ¢ sC= —
= 5 _ . 2—2cosd —¢sind
q 2EI 2= 2cosh § —  sinh {

inwhich ?=—n?g...... inwhich ¢*=n%g ......

_ (uL/2)(1 — pL cot pL) _ pL—sinpuL
" tan (uL/2) — (uLf2) ° €= puL — pL cos uL’
o El
-
' 5
L o e 1 1 1 | ! I
=12 =10 ~8 -6 —4 =2 0 2 4 6 8 10 5, ¢
=1
=2
=3 4 s
-4
q
T +[T£ Slope-Deflection
a

y * Equation

(with Axial Force)

‘)‘d
P % f{
: (%
| f '| = &y
¢
¥ V=(M, +M,, +PA) { F -\
S -Mb/u
‘Iw/ /‘\
7 7 . 4 b %
M, =Sk0, & M), =SkC®, P {7 %
/ wt&,
JM::::/' + M.\:Jt.l
M/, =SkCo, & M, = Sk0, 7 al ST
Ha b
M3 wn, i N
_ (uL2)(1 — pL cot pL) g puL —sin puL LC@“ b f‘i —
*= Ttan (uLf2) — (uLf2) °  sin uL — pL cos uL’ 9 \:§> & A=l
El '

k ' Mz
b
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L i) dith o
I 1

M =S+ c)ﬂ$

AL i " "

M, =M, +M, +M, +M,,
AT / " "
M, =M, +M, +M, +M,,

BN

M,,=M,,+Sk(0, +C6, —(1+C)%)

M,, =M, + Sk(CO, +86, —(1+C)%

Fix End Moment

(uniform distributed load)

q

/’///
¢ [IIERERRR J%f

////“

FooC g

EIw + Pw=—-M,, —7 +qx2

w= Acos ux+ Bsin ux— ]VI[’ (X2 Ix——)

@x=0 w=0 ,@x=0 w=0 &@ X:I/2 w=0

2 2
a9l Otﬂ”B:LI Mab:_ﬁba:_iﬂs ‘_ _al g
2Py 2 2Py 12 DY
3 ,ul 3 ,uI
S P )( 2 PGy 2 :
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s

cadlw

5

L

-

J g S

Jdr

\Y

-

WwWww.So!

Table 2.15 Fixed-end mome

(from Eq. (2.250)), Positive end-moments cause te
the beam-column. The functions d,

u=/PJET; uL = = /P]P,.

nts for struts with various types of transverse load

nsion on.the underside of
e,f, g are given by Egs. (2.249) and (2.251).

Type of load Fixed-end moments
Intensity q B

i q uL pL
A{LEEHTITITRRTRRR, , (M. = My = & (1 A o £2)

Q

e pL

Tl*lm M, =M, = — < tan #-
lelr_..l. wl.._ e O

M, = W? sin ub — f(1 — cos ub)}

i HWTA sin b + f(1 + cos ub) — uL cos ub)

t.u%mﬁ?ul sin ub) — e(1 - cos ub))

h_x._ﬂmw —f(pb + sin ub) + d(1 — cos pb) + uL sin b}
= A - - .Eu@» ”
Intensity ¢ z.lm.ﬂ.rn?u|m_f._3..2_r8:vl|w.__
m E 9 5 uib?
Tht_l||_w|||!_ Kvu.mﬂuMT?wlm_n_._Slg..q_lnomtw+lmlv
+ pL(1 — cos _55_“
K (e 0P e
Mo wh 1 Wi
ntensity k(x —a) ¢ utun_;m_a.ﬁ?r g T +mT cos pb % _‘
“ &mmmmw k . s __._M_WN
o, b ) a.uﬁm__aT:E| s |§V|m74§_§;.ﬂ.

+u?bL — pL sin __.._.J_

PLAf
MmReys

. o = Ers
— —u—m N ,—.O mi rotations Qq m-:- W~K~& struts S_unm- various »wﬂm OW transy e
a

(i} _ n 2 y & A e w
nctions d, N-.\. d gl ﬂ
— D@ mHQH—.- E- NyNguu uH.—._W _._.u 10 & are given .U Eqgs M NL.W ar HM
_\m ? +

Type of load End-rotations (Positive clockwise)
yp

Intensity 3 A 3 m lWW
x_:::mm:::mwm 0= Im.»ﬂ.mﬂ e 2

oL
L
n‘lmrn maﬂ|mv|M©_|_n~ mn.u_tq.lpu
L

g3

c ;
=—{1 =1 pb}
6= mh_._ (1 +e)cos

C " i
Pﬂmﬁlc — d) cos pb uL sin pb)

Q

o m.uwlmﬁltv+: + e) sin ub}
QTO t
2] : - Sn%lh.T:::1&mﬂ==w+.ﬂ_wc|8:§
i
tuvn = b r
Intensity q 6,= wwqm“l = + (1 +e){l —cosp : |
Lal. & ] oo 9| _E L —a)1 — cos ub) + uLub — sin ub)|
. T
) . |
g, = l__n|.__1lu% + (1 + e){ub — sin tE_
) T BT
ntnsty e Q0T | oK 12 it
= Pl

a b _

ip2 _F
+..__L,..__|Ml+nomtvl_v_

6, = — (M, + eM,)
*“PL

1
8= IM?E. +dM,)

.
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i A Ql B c

]\71 —]\_/I Qtanﬁl % ; % ! k%
ab ) 4 | P |
H [ * |

Mab — _Mba =0.1304QI Mpl, =702 =5, =3.7297 c,, =0.555
wu d,.=nv045 = s, =3.3697 c,, =0.644

My,=M,+S,.k;0, +C,0, —(1+ cAB)?—AB) =M, +S,k;0, +Cu0, )

AB

_ A _
My = My + S,k Cogly +0, =1+ Co) ) = My + 8 ,5kus(Cosy +05 )

AB
My = Spckpc (05 +Cpb: )
Mg = Spokp-(Cpc0p +6: )

M, =—0.1304QI+3.7297k(0, +0.5550, )

M., =0.1304Q1+3.7297k(0.5550, +6, )

MBC:3.3697%(6?B +0.6446,. )

MCB=3.3697%(0.644493 +0. )

M, =-0.1304QI1+3.7297k(0, +0.5550, )=0

M, .+ M, =0.1304Q1+3.7297k(0.55560, +6, )+3.3697%(6’B +0.6446,. )=0

M, = 3.3697%(0.64493 +6, )=0 B=0Ql/k

3.7297 2.070 0 0, 0.1304p8
2070 5976 1.4467 || 6, |=|-0.1304p
0 1.4467 2.2465 | 6. 0
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U, =U.u03y — Up =—U.UdL1—— Up =U.U33D
EI

M, =0.0684QI
M. =—0.0684QI

1
o N‘/’_ﬁ

0068401

Moment Diagram

By oy |y JSS QB Sl U

@P P P P
C
b
L1 i 0 o :
L
JrC
. . - -d
M,, =sk0
M, =2k0
M, +M,, =(sk +2k,)8 =0
k forl, =1 =1, I =1=1,, s=-2
s:—2?” 2
: P, =256"

]2



www.SoftCivil.ir o g Sl vnadii Sl Ssloso g 108 49 0932 g 03958 ¢ il STy 39Ld g yo

v a

P P
m b !
I
{C
| |
a d
A . .
L 1% 1%
M, =6k,0 ~VI,=M,,+M,,+PA=0

Mba+Mbc:sk{@—(l+c)léJ+6kb¢9:0 skc(1+c{0—21é]+PA:0

(9 c

s+6£ 9—s(1+c)é:0
k 1

C Cc

s(1+0)0 - (2s(1+ ) — 1 )Ié -0

[9

Moment distribution method

the stiffness of a strut when the far end is pinned.

st R ——
s(1 —c2)ke,
— sck8,
= A 6, A,
‘B
sk@,
P Z P
— — S ——
sc? k@, sckB,
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Gl o4 Caad .OJ&dJ\KJI_.\LJOJ&:\ADJLMJQOJmJ}A.ALM}SAS&9.‘..45. ‘r\;.u"' CM\

CL

sk =sk(I-c) s'k=sk(I-c)

I
P a F o SIS

— sck

Moment distribution method
Consl 025 Couad (g $Saa ¢ )l (5 I 5l Ly (o 5le 0 s 53 () 5ne Jons 534S (5 gume (S 23l

CL

'k =sk(l+c) sk=sk(l4c)
Z — ( W,ﬂ"‘_—‘p

sck
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Caad Jemda ) (sl (K4S (5 gumc (5 o, Olae 73l

.

. B (4
Examplel: % =0.2°  $=3.7297, ¢=05550. [\ o
B B , \\\ ///
_ __ 4 e N,
w=—M,, = T (sk)p, = 3.7297k . \\’( P
_ — 7R 12
My, =-M, =-4.8 (S*@=sl—czkc= # o
b b od ( ( )k)ca=2.5809k \/{Ff‘“ 1 02\)\/
4 ¢ b
= 3T 6483 p——t _—0517 4l e 0 3
" 4+3.7297 4+3.7297 A 12 D
4 a
= &: 0.392 ), =———=0.608
“ 4425809 4+2.5899
A B (@ D
& Distributi d
0.555 |0.483:0.517 | 0.5 0.608 : 0.392 0 cal‘s!‘;iﬂze:)?a*;nﬂfs
0 0 —4.80 +4.80 0 0 | Fixed-end moments
—146 «~ 292 |-188 — 0
+168 « 4302|4324 o 4162
~049 .~ —098|-064 ' 0
+0.13 - +024 | 4025 = +0.13
—-0.04 <« —008 |—0.05 — 0
+0.01 ~ +002 | 4002 = 0
+1.82 +328 | —3.28 +2.57 |-2.57 0 Result
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s T N
wl =702 =s,=37297 ¢, =0555 T
s,,=3.7297(1-(0.555)%) = 2.5808
yl,. =7v045 = s5,,=3.3697 c,,=0.644
s,. =3.3697(1—(0.644)*)=1.9722
D, - 2.5808
2.5808+1.9722/1.5

M,, =-M,, =-0.1304Q!
M b0 =0.1304QI(1+0.555) = 0.2027 QI

=0.662 D, =0.338

| 0.662 | 0.338 |

0.202701
-0.134201| -0.068501

THE ELASTIC CRITICAL LOAD OF A FRAMEWORK
(WITHOUT SWAY) . ;

o
F N
—F .

e

/

P4
~
_...---———-—-..‘__‘_“‘\‘ i

A
4 N
%4:’.’,

Tl o

1. Assume a load that is associated with a certain value of P/Pg in the
columns (say P/Pg = 0.8).

2. Apply an arbitrary couple at a joint such as C (say + 100 units).

3. Carry out a complete distribution of moments in order to determine the
out-of-balance moment which remains at C when the other joints have
been balanced.

4. If this ‘residual moment’ is smaller than the original couple, the distribu-
tion is converging and the frame is stable; and vice versa.

5. Repeat the process at various loads in order to establish the critical
value at which convergence fails.
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P/P. =08

5= 2.8159,

c = 0.8330.

Stiffness ratios: BA:BC =s:4=28159:4 = 0.4131 : 0.5869,

tCB:CD=4:5= 0.5869 : 0.4131.
A s, B € D
0.8330 |0.4131:0.5869| 05 0.5869 : 0.4131 | 0.8330
5 4100 “ Unbalanced
gl —29.35 . 5869 [—4131, - .—3441 | moment.
+1010 +12.12 | +1722 — +861 | +28.66 <« 43441

The residual moment

at C is +8.61 + 28.66 = +37.27,

process therefore converges.

which is numerically less than 100; the

PIP. = 15; s=1.4570, ¢=19731.
Stiffness ratios: BA: BC =5:4=14570: 4 = 0.2670: 0.7330
TCB:CD=4:5= 0.7330:0.2670
A B C D
1.9731 0.267:0.733 ’ 0.5 0.733:0.267 | 1.9731
+100  Unbalanced
—36.65 <« —-733 —267 — —5268 | moment.
+19.31 «— +9.79 | +2686 — +13.43 | +10395 <« +526%

The residual moment at C is + 13.43 + 10395 = +117.38, w

the process therefore divérges.

hich is numerically greater than 100;
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CAKKY-UVER FACTORS TO ALLOW FOR
FLEXIBLE CONNECTIONS AND FOR RIGID
ARMS AT THE ENDS OF MEMBERS

In Fig. 3.36 the member AB is attached to the adjacent structure by connec-

tions which are not completely rigid. Connections of this sort include those

made by ordinary bolts and by rivets; even welded joints may not be rigid if

insufficient stiffening is provided to prevent local distortions. If the connections

can be regarded as behaving elastically, the stiffness and carry-over factors can

be modified to allow for the movements which take place in the connections.
For the member 4B the slope-defiection Egs. (3.3) are:

Flexible connecticns

M, = k(s8, + scf,), M, = k(s0, + scb,),

where k=—. (33)

C I 18 :CI]nE:tE tD t €a Jacer}t Stl ']'ctute sV 1c ‘Ota[es lhrough an
n a

M, = G,(6, — 6,)

It will be convenient to write G, = £k, where fﬁalis a npndin-l_ensignger;:;sure
of the joint stiffness. Similarly, the stiffness of joint B is G, = &, k.

M, = £.k(6, — 8.), M, = & k(0 — ). (3.64)

Elimination of 6, and 8, from Egs. (3.3) and (3.64) leads to the following.

M, = k(s,0, + (sc)8), M, =k(s38 + (sc)0), (3.65)
where = (s + T s
e (S S = (3.66)
(sc) = sc/p,

1 1 ) 5 s*(1 = ¢c?)
p=1+s(é_,,+é_b 25
Equations (3.65) are the modified slope-deflection equ:tion; ;hi;};el;ﬂ:::yﬂ];:
. i t A" and B'.
- les M,, M,, to the rotations of the nodes. a
eurslgdoic;ausncy framew:':rk analysis and they automatically allow for the effects of
the ‘slippages’, 8, — 6, and 6}, — 6,.
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The member AB in Fig. 3.37(a) is infinitely stiff over alshor:.dist?r?:;: 3:&;3;1;
igidi the long central portion.
end, but has a flexural rigidity EI over itral . ol
, framework which is welded to adj
taken to represent a member of a h 1s e
ial wi le local stiffening. The stiffne
bers of substantial width and with amp ffent
zizr-over factors may bé'modified to allow for the rigidity of the ends of the
Stmﬁi‘he overall length 4B is L; the lengths of the rigid po‘rti-ons ijrre.a Ieim'c; f e;
and the length of the central portion (4'B’, of flexural l'lildltyl }_:. )nts'shi .s b
slope-deflection equations, Egs. (3.18) and (3.22), Cle:ﬁnez1 t efr; '2,13 ’10 p
tween the moments, forces, and displacements at the ends of A'B":

e, . -

|
v—I—-—b
. BJ
M
ST 8, ;

(&)

Fig. 3.37 A strut AB with rigid segments A4’ and BB,

M, = k'(s@a + s5¢0, — s(1 + c)%),

My = k’(sﬂ,, + sc, — s(1 + c)%), (3.67)
’ k' k' HEP A
S'= =s(1 + ) 0+ 63) + 3 (2601 + ) - —ﬁ;)f,
- ;. Bl . m2El
where k = PE:'_ET-

If the nodes 4 and B are to remain at the same level, then

af, + A + b6, = 0. (3.68)

The rigid arm at the left-hand end is subjected to the forces and moments
shown in Fig. 3.37(b). These include the axial force P, the shear force S’ and the
bending moment M’, (both as defined above, but reversed in direction), and
finally the moment M, which is applied at the node A4, For equilibrium,

M,= M, — aS' — Paf,. (3.69a)
Similarly, at the right-hand end, f
M, = M; — bS' — Pb6,. (3.69b)

Equation (3.68) may be used to eliminate A from (3.67). Then M, and M, may
be eliminated by the use of Egs. (3.69). The result may be expressed as follows.

M, = k(s,0, + (sc)0,), My, = k(s,0, + (sc)8,). )
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s[,=%]‘s +a(l +a)lzs(1 +c)—-’i”,

EI
o= %{s + B(1 + B) [ZS(I + ¢) —%]}, (3.71)
(sc) = %{SC + s(1 + ¢)(@ + af + B) —-PE—EIZaB},
and kzi—I, oc=%, ﬁ=—bﬁ.

Equations (3.70) are the modified slope-deflection equations which relate
the end-couples M,, M, to the rotations of the nodes 4 and B when the short
regions at the ends of the member are rigid. They may be used in any frame-
work analysis and they automatically allow for the nonuniformity of the cross-
section of the strut.

The effect of inserting elastic connections at A’ and B can be allowed for by
modifying the stiffness and carry-over factors in two stages. First the factors for
the length A'B’, complete with elastic connections at the ends, are modified by
using Egs. (3.66). Then these modified factors are inserted in Egs. (3.71) to
obtain the final factors for AB. It will be found that the equations can be
used without modification only if the connections at A" and B’ have the same
stiffness.

r oy

39 MATRIX ANALYSIS OF FRAMEWORKS

M, =Sk(6, +CO, —(1+ C)%) )

M, = Sk(CO, +06, —(1+C)%)

— '}|
V= —Sk(11+ = @, +6,)- ( 2S—k(1 +0) — EJA ! V= (Mg + My, + PO

a

r 1

H -uz - ——
P = —— T S=-
'] a3 = ]u, gt iy = not defined, S;=+M e
! 5, = £ 5 2 a»
‘ Displacements 4 A V Uz = not defined, Se= +M, g = +8,.
lsz , S="V Uy =u, + A < g
8§y — : S¢ S;=-P Uy = +1y __g_i_ eI PL (3.7
= —
EA’
S, —— S,
2 Forces and cduples 1
Ss

Fig. 1.22 Notation for displacements () and forces or couples (S).
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ETA 0 0 —ETA 0 0
sl | o I%Sk(n C)—? —Sk(11+c) 0 —I%Sk(1+ +§ Sk(11+® b
S, )
0 Sk1+€) Sk o  _Ki+0O SkC
51 _ 1 1 U
s| |_EA 0 EA 0 0 u,
1
S; Us
2 P Sk(+C) 2 P Sk(+C)
0 -ZSk(1+C)+— - 0 ZSk(1+0)-— -
Sg ]2 ( C) ] ] ]2 ( C) I ] U
. Sk(1+C) e 0 _ Sk(1+0) %
L 1 1 i
s [p 0 0 —p 0 0](w) U=sk veskc p=A
S, 0 g r 0 -q r |y ) p U+V
S(_|0 r U 0 -r V| q:]_z(U+V)_7 T
s [-p 0 0 p 0 0]y
Ss 0 -gq -r 0 q -rl|luy
) L0 r V. 0 -r U]y
; =£I-82J tan (6/2) a 1]’
£ \tan (62)- 072) | &
O==n_[|>
EI6*| tan(62) | P

"= 72 |tan (02) - 02)f

EIO|

1—6cotd |

=T 2\tan (62) - 02)

vV

Gskoro g ol sos 39 0932 g 039 3 ¢ b HUGI; 39L1S a2 30

EI6| 6 cosec 6 — 1 |

=T 2ltan (6/2) - (0/2)/
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The geometric stiffness matrix

]

B A.LZ ALZ ) -

Sl _I_ 0 0 __I_ 0 0 Hl
= Sk CRRES) ) A | 0 —12  6L| |u
V=T —5FPL 433 EI 0 6L 4 0, ~6L 28| }u
6EI P ( __I_.z" Al? A2 % >
r—-a—LT—-Tﬁ, 34 I 0 0 '—I— 0 0 Uy
y_ 2Bl PL Ss 0 -12 -—6L 0 12 —6L | [us
E Tt L 0. 6L 2p 0 —6L 4| |ug
g 12EI 6P A
ot B .0 6 g ag T fa
6 L 6 L
0 o = ol !
5 10 U~ 0| |*
L L 2
0 = =g g ¥
—g 0 3° b =9 <% 4"3 el
. a
' 0 0 0 0 uttf
6 i 6 i, :
B el o ¥
5 10 0 5 10 “s
B 1L 2
0 o AR i o =3
! 10 ~30 0“1 wE ] 1
or S = (kg + k¢ )u. (3.770)

Iy ZTXCOS(I-l-I‘ySIHOE

I'YZI‘XSII’ICZ—I‘YCOSCX

Iy Iy| |cosa sina HIX}
r =
3 r,] |sina -cosa||I,
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iviemper Force-perormation relation in Glopal Looradinates

1S} =[klid}

S..

g

S ..

J1

'EA/L

k! k.

1l ij

kji kj'j

0

EHW ln:naLd 'LSM. 041—3 aloxo g oly0s 30 093 g 03 5 ilb a1, 2910 A 4o

F, cosa sina O]fs
F,p=|sina —cosa Ofs,p Or: F;,=Bs; & s;=BF;
E 0 0 1]]s;

F, S,
F, ¢t = Byss F,=Bs; & s;=BF;
F S6
Dl dl
D, =Bid, D;=Bd; & d;=BD;
D3 d3
D4 d4
D; » = By d, D,=Bd; & d;=BD,
D6 d6

d; = s; =kid, +kd,

dji i kJI dIJ * kj] dﬂ

0 0 0 0

12EI/I 6EI/L’ |-P|0 6/5 1/10
6EI/I> 4EI/L 0 1/10 2115

0
~12EI/
—GEI/

0
~12EI/L

6EI/ L

0
12EI/C
~6EI/

0 0 0 0
6EI/I |-P[0 —6/5 1/10
2EI/L| |0 =1/10 -1/30
0 0 0 0
—6EI/I* |-P|0 —6/5 —1/10
2EI/L 0 110 -1/30
0 0 0 0

—GEI/L’ |-P|0 6/5 —-1/10

AEI/L 0 -1/10 2115
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_ J . ]
N BSij = BkﬁBDij + BkijBDﬁ N E.j = KiiDij + KijDﬁ
_ i _ i

{Fy} {K’f KJHD,'J} K/ =Bk/B K, =Bk.,B
— 11 1‘ %ere: 11 11 1_] 1_]

J1

sl G |y ) IS QB S a b o pile (B ) ealiind b L.“AA
EA_24El i) Sy Line | alei 5w E LA

L r
P
o s i (i ile L3S il I2 3" 4I
K0 K, 0 |
0 K, K,, 0
K31 K32 K323 + K333 + K;3 K34
L 0 O K43 Kj4_ 7

o Jbu s G yile (A4S (il

2 3 4
[K33+K33+K33] 5 _)4_,\);, Jee ! 3l g
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~~ - s

010 VY giac
a=90 B=|1 0 0 VYV sae Jau G yile daulas
0O 0 1 :L;M Slatda a\gslud BN
EAIL 0 0 0 0 0
Ki,=|| 0 12EI/I —-6EI/L |-aP|0 6/51 -1/10
0 —6EI/’ A4EI/L 0 —1/10 21/15
01 0|[EAL 0 0 0 0 0 1Yo 10
K,=|100|| 0 12EI/C -6EI/’|-aP|0 6/51 —-1/10||1 0 0
00 1 0 —6EI/I’ 4EI/L 0 —1/10 2I/15|)0 0 1
12EI/C 0 —6EI/I 6/51 0 —1/10
Ky, = 0 EA/L 0 —aPl 0 0 0
—G6EI/’ 0  4EI/L ~1/10 0 21/15
1 0 0 DV e
O 0 1 : s Q‘ - 01/S.~ JJJ
EAIL 0 0
k,=|| 0 12EI/C —6EI/L

0 —6EI/I* 4EI/L
VY sme b G yle danula
foa o liatdg ol&iuy
1 0 Of[EA/IL 0 0 1 0 0
K,=/0 -1 0|| O 12EI/C —6EI/I||0 -1 0
0 0 1 0 —6EI/I 4EI/L |0 0 1

EAIL 0 0
K, =|| 0 12EI/C 6EI/L
0 G6EI/’ 4EI/L
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0 0 1 :LAM Cilaidg ol&iwd B
EAIL 0 0
K,=[| 0 12EI/C 6EI/L
0 G6EI/’ 4EI/L
VY sac Jau G il 4aulas
(R A Cillaida s BN
1 0 Of[EAL 0O 0 1 00
K,=|0 -1 0| 0 12EI/E 6EI/*||0 -1 0
0 0 1 0 GEI/I’ 4EI/L|)0 0 1

EAIL 0 0
K,=|| 0 12EI/C -6EI/L
0 —6EI/I’ 4EI/L

60EI/ 0 —6EI/L 6/5L 0 —1/10])(A,, 0
K= 0 48EI/ T 0 |-aPl 0 0 0 A, t=4-P
—6EI/ I 0 12EI/L ~-1/10 0 2L/15])| 6, 0
60EI/ —6aP/5L 0 —~6EI/’ +aP /10
0 48EI/ L 0 =0
—6EI/* +aP/10 0  12EI/L-2aPL/15
a=1/2

(60-38/5)12—B/15)-(~6+3/20) =0
720+ B2 /25-11.20—(36+ B> /40033 /5)
38°/80-10.63+684=0

3% —8488+54720=0

B=99.67

P, = 99.67%
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2 4
_!___“‘—xq____j__h

0 M,, = sko
M,, =4k(0-1.5A/ L)
M,, =4k(6+1.5A/ L)
M, +M,,+M,, =sk0+8kf=0 = s=-8

1 *EI
= V, =326 ”L2
V, =—(M,,+ M,,)/ L=—4k(1.56-3A/ L)
V, =(M,,+M,,)/ L=4k(1.50 +3A/ L)
L
2
V1+V2+V3:24kA/L+£A:P :>\{=£ Pcr=6-527[f1
L 2 I
4 P| VoM
M32< )
MMV
1 M.
I2 |4 ) M% i 4I
4
M32 V;
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M, |
I2 v, ~ @C 4I
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