
I~'···· :)'~IAr )~:~)~~,)'!.,
ISBN: 964 - 8719 - 37 - 31'\rf_ AV' '\ _fV_f :~W



40~

:.x~ 4~b O'R­
,.yJ)~ ~~ ,~,I ~lAo_'

~l.-o ~~_"

.~I o~~'W ~)I ~~)'S c.S~,), c.,St.«,j"jl ($I.x c.SjL.to.)Lol ),Ja;.-o ~
u-D~) , ~I~~ u'/~lN, ,r , ' if~ ~~)~ ~ J,;jl~u-o~ <.>t.c-J J> ($I.x wl.,\;..o4.i~

.~w ~IJA O~) ';-'~ ~ ....)~ Jk. Jlj"l ~;. b.w,> t4! ($~ J~L.c:,~ U,Jb~~

~~ \.bJ~ fiS.)
,rAf' J4rl



'.~Q~~\~

~ O-w)4. .)1)~~ dj~l ~~ .h...J~ as ~~.I ~ ~ ~I~~ ~ ~.)~1 ~ <.Sly-!

.~lo..i ~lyA ,~4~ ~ ~1.9 ~~ <.Sltb~~.lo..i).) 3 o~) ~~

(r)~~ ~4.J J,s..:s ~lA>~'_'
~ ~ .b}-!yA~) ~L:....:;:,)l5' 0~) L5r1r 3 .)1) <.Sltb)~ w~l~ ~Lo.:; ~ts 0-:.1).)

.~I o~ d,jl)~.~ ~lS j.> 4~0~L, ~ ).) ltb~)

)~ 0.)~1 .))}-A O-w)4.~~ L5)~ L5UbO)3.) ).) 07.~ j.> e-yo 01~ 4.: I..;--'ts 0-:.1

..)y:;f~

(r) 4sO~ ~4.J ~b' ~lA>~',~J~-r

~).) 3o~ <:rb ;~lS)~ w~~ 4~ .)~~ 03~).) o~ <:yb ~~ ~ts 07.\).)

0">""":' a..Jl)~4~ )~ <.Sltb~ 4.:L.o as ~l; L5ltb~ ) L51~)lo ~l3 .)\..u:;~~

.~l

)~ O-w)4. ~~ L5)~ L5~0)3.) 04~b )~I).) ~).) e-yo 01~ 4.: I..;--'ts 0-:.1

..)y:;f~

4.S ..,\A;,Jt.Q J ~ l".,"'\~

,rAO ~LoWo~



... ~ I·· J' 1._4O~, ~~ ,~

, 0~~,) (!:!.lii J.> ('

f 0~~,) (!:!.lii ),) ~~ u~ (,

f o~~,) (!:!.1~·),) ~~ c..S~~-'

v o~~,) ~1~·),) ~ c..S~~ o..ls:-19_'

A...•....••................•...........•....................................................................................~ (!:!.lii ~ b\.;;)I),) ~.~1 ~-,

C\. ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••o~ ~ (!:!.1~·),) c..Slo~j c..S~~_f

, , •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 0~~,) (!:!.\.:; ~. ~\S' ~1~.,)_t:J

" ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••~~~ c..S~~ ~ ~l; c..S)I,)~ )~·lxl (f
" ••••••••••••••••••••••••••••••..•••••.••••••.•.•••..•...••••.•••...•••.••..•••••..••.••..••.....••.•....••••.•..•.....•.....•••..........•..)~l (!:!.\.:;~. u~.,)l;5-'

'f c..S)I,)~ (!:!.C; ~. J~ ~ ~l;)~.,) -,

,!:J )~l ~\.:;~. ~~'1 _,

,!:J (~) lS'!.~ ~_f

'V o~~,) (!:!.lii ~~1 ~~ (f
'V o~~,) (!:!.lii~ c..S~~~1_'

, ••••••••••••••••••••••••••••••••••••••.••••••.•..••••.••.••••....•.•••••••.•~ jl ~l;~.),) o~~,) (!:!.\.:;~. ~~1 ;:.,)\.0..0 :;:J~.-'

,r ;.;1;5'1~ ~ b~~ c..S~~~1_,

\S)I~~~I)oi rO~~ ~

rv 4~l ~b_'

rv ~~,) ~~. ~19 )b~ ~ ~l c..S,)~ <J~. )b~ ,~~ <J~. )b~_'

·¥A ......................................................•..•.•.........................~~ c..S~1 t W ~ ~1 ~b c..Sl~ ~l) ~-,

f· ~ d,,9 J~_f

cULf,~ \SU\JI~I rO~ ~

r, ~l; ~ ~ ul~ ~. ~.~ ('
rr ~ts'~,) c..S~Jl~1 ~~ tl~1 (,



,l j,j'o~ 0.)1,) 01)~ ~J'~' .),~ ~, ~~,~ J'~' ~ ~\>t..o - ,

,f t..S~J'~l()'~ c.J.)~ ,o~ 4llbJ'~' .),.1> ~i'-'

,~ '~ ..tfJ,.e~~1 c..-u:; ~).) ~_r
~;::-' ~ •.. f j"-•• -

~~ ' r .. ~Jl. e~:, ~~ t< .) Jl. e·:~, ~~ . t;.:i ~~ ~ llbJ' .e~~, ~\>t..o _f~ --- ..• ~~ ~ •• 4..Y) rr: )!.) C?~, , t..S ~.

,A ~)t..l) t..S~)~

'C\. ..•...•....•........•...........•....•.....•..•.......••......••..•....••...•....•...•....•....•...••...•..•.•...••.....•.. c:lj\S',~ ollbJ'~' )~ #-0~ _l:J

ff c\,j\.S',~ ollbJ'~' )~ ~u~ jt o.)~t J

4.it.r~ \SlAJI~1 .-o)~ ~

fC\. ..•...•....•...•....•.....••....•..........•..•.......•.......••..••....•...•....•...••...•....•.•..•.J)\S'~ u~ o~~ )~ c\,jt5'~ J'~t ~~ ('
0' LStc\,jt~' u~ o~~ )~ c\,jt5'~ Jt~l ~~ (,
O~ ..•...•....•...•................•.............•.......••...............••...•........•....••...•...••...0'~ u~ o~~)~ c\,jt5'~ Jt~t ~~ (f

.b.*J1~\SlAJI~1 ~~

7'•.................................................................................................................................. J,' t~ h.:>tJ1~t..S~J'~t ('
7'l r,~ t~ h.:>tJ1~t..SllbJ'~1 (,
7'l ······························r'.) t~ b.:;Jt~t..SllbJ'~' ~\>t..o o'~ t.¥ 0..lcl9 - ,

7'f ~ j'~ r,.) ti' b.:;J1~ollbJt~' -,
7'A ~)~ l.>-!.}' ~_r

~JI~I~~

V, J" t~ ~ J1~' ('
Vf ~ ,0,.) t~ ~ J'~' (,
Vl:J •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• (d't5' ~ l..$!.'}'" ~) ~';)~.~ ~ - ,
VA ..........•...........................................•................•..........•..•....••.....•.••...•....•....•.••...••.•...•.•...••..•.•.•..••••...••~~,~_,

www.ieun.ir


V~>O 3u>O ; O<\(X-XO)2+(Y- YO)2j<U ~lf(x,y)-LI<f3

:~L ~ . ,i'"Ub~ ~I . ~ -- . ,.t; o~~1 .. ~~ ,i'"~ '1 ~I~ . 0 ' •• ~ ~ ~ L JoL; I ~ ~G.> ~I. .. )'!.) ~ . ~~ , L9r ~ ) IV-;·-- T ~ ~, .... )) ... ...

I)~ ~l.:>,~ ~),>~ d~b..o~ 4, ~~ )I} f ~w, J.>I~ I) (xo,Yo) ~.~UiA~} ~ (x,y) tSL:- ~ ~4-

·1 IA·I ~. ·1 1 ~ I -l.:> ~L ~ t; ~ . Q ~~ AJJ~ ·I~· c:ll l5" . I L ~G.> t lciL I~ :., A ~ • ~u r~ L-)) ~.) cr"" ... '~. .r' )!f>~ ° I~·-- )~ )~. .) u-!. . ... ... lS" ~. ..~~.-- u, .

~} ~~ ~4 ~~, u)~)~ ~ ~l.:> ,o~,~ ~~ ~)~ 4S ~I ~ ~~.l ~ a.::::-}i Jl> ytb ~ ~.),1 ~~

.~~ ~1~ ~~}.4 ,~ ~l.:> '~;-!~yl~ ~~ ~~ ~~.,) ,~ 4tSl~~ ~. )~ ~4- Lr!.l~~ ~4

u,~~,~ j l .l' tAS~}.4 ~I ~ ~~ 4,(x,y)-7 (xo,Yo) ~I)} oSo~,~ ~~.)~ ~I}'O LS)~)~:'~

.~~~ p ~)}A ~ 0~~ ~~}.4 r~)-!' 01}i~ '~)"!~~,~ ~,~.~ ~.~} (xo,Yo)~~

~u~o~~ j1o~~1 ~I o~) r~1 ~l> ~ ~, (x,y) -7(0,0) oSo~,~ LS~~) tS)~)~:Y ~

..l...> )1~ r -70 ,'Va u ~.t~ ~I)~ 4Y'~ ~ ~4 ~~ ~1fi~ ,y=rsina -x =rcosa 15~~~ ~.

.~~ ~I~ ~~~ ),sJ..o~ ~ ~I, a~~ yl~ .II ~,~~ )~~ ~1}i~

www.ieun.ir

www.ieun.ir


2 3

I - I ' x - xy+ Y
I - Llfl ?

(x,Y)---7(2.1) X ~ - y + 1

~)~Y.*.:»¥' ~}'l d~ ...::.......,1 o~ J:> <I.1L....a 4S ..l.ol "::"""".l; ..l.> J-ol> }'I~~ lS}i~.~ I) (Xo,Yo) y..':>lA.o I~I :J:>

.' .'(' 1,,·1 ~ ~L o~ css u~ d..J ~ •• L ol5:.i1 ~ «
~ ~~ L-) ... . .,.,. ~. .r'

:~I~~I~I~

2 ?
. X -xy+y~ 4-2+1 3

I = hm = =- ~ .c I~~~
I (x,Y)---7(2,1) x 2 -y+l 4-1+1 4) '.'

I 1
· x 2 - 3y2

? = 1m ?
~ (x.y)---7(O,O) X + y-

oo i"4r.1 ..:.Jl> ~ (Xo,Yo) y..':>lA.o lS}i~.~ 4 •.:>,.:,~ ..l.> ~~ l; ~~ lS)~~ I) (xo,Yo) y..':>lA.o I~I :J:>

. I~ (0 0) ~ d..J ~ '.. • ~ <; 1 - ~.. • •• L I~ ~.(' 1,,·1 • ~L 4S'&:,.) , . ~ u y ~ ... .r ~.,...,. .~ ~~ t:;9) ... ~)~

(1)

(2)

. (. X
2

_ 3
y 2

) . x
2

lim lim =hm-=O
X-70 y-70 x + y2 X---70 X

1· (1· X
2

_ 3
y 2

) u _3y2 3Hfl Hfl = 1m--=-
y-70 X-70 X + y2 Y---70 y2

3

I 1· x Y
1 = Hfl 4 4
. (x,Y)---7(O,O) X + Y

(1)

(2)

~ )~~ ~ J-ol> 4S ~.I~ ~. ~ ~.II~1 I~ ,~I o~ ~ ~~ 0~;S~~ d-!.)o ~~ jI ~ ~~ ~l> 0~

~ "-! .y e mx k> <S~) ~ ~~ o~~1 , ~ jI~ I~. 1)~ ~1~ ~ ~~ J)o ~ ~ Lr!.l~.l <s1~ ,~I

.~ ~a..:> "l\g J..> ~L m d..J ~1 '.. .... 1·1 ~ 1-l>~1 tJ5 :. 0:.J~., (0 0)
.. T· ~ L9r ... ~~~ ~. )~. ~ r ~.~~ .. .r '

:~I~ ~I~ 1.iJ

3

I 1· x Y
'1 = . 1m 4 4
- (x.Y)---7(O,o) X + Y

y=mx
X-70

4

I 1· mx
) '1 = Hfl 4 4 4

X-70 X + m x

www.ieun.ir



')

1 I
, xy-

4 == 1m ') 4
(x,Y)-7(o,O) X - + y

~ y =mx ~ lS~) }'I ~ -:.......1 *tY jI L9~ .l> oS ~)(.S'" .0:.; 0:'.1 ~ (Xo,Yo) )'!..)~ L5)~.L::-- ~ -:.......1 ~.~ :~

:~b ~1~ ,~,~ ~,~} (0,0)

2

1 I
, xy

4 == Hfl 2 4
(x·Y)-7(O,O) X + Y

2 3
y=mx m x
x~O ) 14 == lim ') 4 4 == 0

X-70 x: + m x

~,~} (0,0) ~ y2 == X~ l5~) ) 0~ ~ l51~ 1~ ~~ ~ ~ ~~~ ~ 01':;~ L,1 ~I ill ) ~ yl~

:~b ~I~ ,~,~~

2

I I
, xy

4 == TIfl ') 4
(x.Y)-7(O,o) X - + y

1 I
, xy

5 == LIfl ') ')
(x,Y)-7(O,o) X - + v:

') 2 2 1
x=y- 1 I' Y ,y

) 4 == LHl 4 4 2
Y-70 y-70 Y + Y

o
).)~~ jI o.)l.il:;...,1 L 1.:0 .-:.......1 0 tY jI L9~ .l> oS ~) (.S'" .0:.; 0:'.1 ~ (xo,Yo) )'!..)~ L5)~.L::-- ~ -:.......1 ~~ :~

:~I~~I~~w~

1 I
, xy

5 == Hl'I ') ')
. (x.Y)-7(O,o) X - +v

1 I
, xy

6 == l Ill -r=========-
(x,Y)-7(o,o) ~X2 + y2

x=rcos8,y=rsinS 1 li rcose,rsine . e e
r~O , VS ) 5 == 1m 2 == SIn cos

. f-70;VS r

o
).)~~ jI o.)l.il:;...,l ~ 1.:0 .-:.......1 0 tY jI L9~ .l> oS ~) (.S'" .0:.; 0:'.1 ~ (xo,Yo) )'!..)~ L5)~.L::-- ~ -:.......\ ~.~ :~

:~I~ ~1~ ~u~ o~~

1 I, xy xercos G, y=rsinS 1 I' r cos e.r sin e I' 'e e (0 1 1(' 0 "I
6 = im -;===========-----r~--:::-O-,V:-:-8~--7) 6 == irn = im r SIn COS == X) ~.r )= ---7~~

(x,Y)-7(o.O)~x 2 + y2 f-70. vs r r-70, VO

,~I )~lyS o)~ l_,}9 ~I 8 ~ ~1~ sin Bcos O u)~ :~~

,~I~ ~1~ JJ)~ ~ ~~~ J~ ~ ~I ~,~

www.ieun.ir



:o~,~ ~'ji J~ ~~ 4.S~~ (,-y

- i)f ( )0' ),k-o ax ~,;~ ~j :~~~ ~ )'!.j ..::..)~ ~ ~j>. ..::..~~ z = f x,Y .l.:.iLo 0~j~ ~,~ 4 .b~)1 )~

- ~ ~~) ($Ub 0~ 40'';~ ,) ~lio~ .~.~~ x~~~~, ~~y ~1 d:') 4 f j' ~'''>~ to ~,

af " f(x+~,y)-f(x,y)
-=hm------
ax Ax-70 ~

a2
f =~(af)= lim fx(x,y+.:1y)-fx (x,y)

ayiJx ay ax L\Y-70 t!y

:~~~J:a~

~ f x (0,0) ~b..o~' y,.Lb .~, o~ o.,)'.,))'!.j ~)~~ f(x,y) ~l; ~ d:'}:' J~

(x,y)*O

(x,y)=(O,.o)

j~ (0,0) 6..bA;)~ f', '4->b..o sl)'! •.:.......1 o~ ~~ (0,0) 6..bA;)~ 2
Xy2

2 ~l j ~t; ~~ ~j "-! ~~ 4 .J::.­
x +y

.~~~ y,~ 01~ ~ (x,y) ~(O,o) ($~~')~~, (0,0) ).,) ,) 0" ~~~~~ .:x
'
jf~

"~.(' o~~, ~~ .... I. ~ ••• ,

~~ <Sr. ~ ..~) c...M.

_(t!_x)_(0_)2 _ 0

fx(O,O)=lim f(O+L\x,O)-f(O, 0) = lim (&)2+ 0 =0
L\x -70 ~x L\x -70 ~x

(x, y)* (0,0)

(x,y) = (0,0)

:J::.-

f =x

(
.:1X

3
+0 -0)

f', (0,0)= lim f(L\x,O)-f(O,O) = lim .:1x
2

+0 =1
L1x -70 ~x Ax-70 ax

3x2 (X2 +y2)-2x(x3 +y3)

(x2+ y2)2

1 (x,y) = (0,0)

f (00) - 1" fx(Lix,O)-fx(O,O)_I· 1-1_ 0, - 1m - 1m--
xx L\x -70 ~ L1x~O ~x

www.ieun.ir



:~)~ lAS 1.r:;- ~1 ~~ (0,0) 4.bi;)~p ~)jA ~l; ~1 ~~ :J..'

lim f(x, y) = lim Ix
2

- y
2

1=° f'(O, 0) =°
(x,y)~(o,o) (x,y)~(O,O)

:~1~ ~1,.> ,~ ~);-! 1) d,.9 ~l; lS~~~ ~, ~1~ ~~ lA,

()f (0,0)= lim f(O+,1x,O)-f(O,O) = lim I(,1x)21-0 =0
ax Ax~O ax Ax~O ax

af (0 0)-10 f(O,o+ay)-f(O,O) -10 lo-(ay)21-0_ 0, - 1m - 1m -
ay ~y~O ay ~y~O ay

.~1 ~~jA y "-?~~ , x "-?~~ (0,0) 4.bi;)~ ~ f ...::p <J-!.';-!~

.~1 ~~~ ~ ~~. ~ ,-,,9 ~l; ,~

ofxy ;t:fyxu~ 1~)~ ~~ w~ 0~1 o~ o~1~)'!.j u)~~ f(x,y) ~l; ~ d'} :fJUA

, x=y=O

lim f (x, y)=f (0,0) =0

(x,y)~(O,O)

,1x(0) ~x
2

- 0
fx(O,O) = lim f(,1x,O)-f(O,O) = lim ,1x2+0 =0

~x~O ax Ax~O ax

O(~y)O-~Y:
f (0,0)= lim f(O,~y)-f(O,O) = lim O+~y =0

y ~y~O ay Ay~O ay

f = (3x2y _ y3)(X2+y2)-2x(x3y- xy3) = x4y + 4x2y3 _y5
x (X2+y2)2 (X2+ y2)2

(x' -3xy2)(X2+y2)_2y(x3y_ xy3 ) x5_4x3y2_ xy4
f = ---~-~

Y (X2+y2)2 - (X2+y2)2

ay5
---0

f x(0,0) = lim fx(O,~y)-fx(O,O) = lim ~y4 =-1
y Ay~O ay y~O ay

,1x5
f (ax O)-f (00) +-4 -0

f
x

(0,0)= limY , y , =Iim,1x =1
y Ax~O ~x x~O ax

www.ieun.ir

www.ieun.ir


1) z == Arc tg xy

y x
z x == 2 ') ; Zy == ') 2

l+x v: l+x-y

1+X2y2 _2X2y2 l_X2y2
Z ==Z ==------

xy yx (x2y2 +1)2 (1+x 2y2)2

- 2 xy3 -2x3y
z == ·z ==----

xx (1+ x 2Y2)2 ' yy (1+ x 2Y2)2

2y
; Zy == 2 2
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iJy
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. I~ I·I~ ::L.
'~.) )"'-:..9.. ~ ~.

az
aZ az ax-y

I=x.-+y.-=O ~--=-
ax ay az x

ay

(
'i 'i 'i) = (AX) (Ay)(Az) = 'i 1

W f\.-X,f\.-y,f\.-Z 2 2 2 ') ') 2 f\.- W
A x +A y- + A-z

. I~ I·I~ ::L.
'~.) .r:..9 .. ~ ~.

az aw aw
1= X.-+ y.-+ Z.- = (1).w = w

ax ay az

~ o~ ('~ I, JI ...5..J·1 e ... ~ 0.5 ~I ...... . 1.l3 0 '.. ~ I" ~ ~ ." 10 " .. ('....... .J..clt\~,.9 .r ... cs-'.9) .. )t..5- ~.9-'~ ~ ... C:.9-' ,)~~l5~)I..5y-::-~ T

) ~l:i I) z L)~~ 1..5~)~ ~ )~ v = v (x, y) .9 u = u (x, y) ';1 .9 z == f (u, v) ,J~ 01~ ~ ,~~~ ~ ~l3 ~~L.u

:~b 0~.9 ~I~ (x,y) ~.9~

az :1 ') 2 ') ') ')
~-~~~I~_II_-u=x--y-'v==xy+x 'w=x+Y- t ..u z=U-+VW+V- :'L~'~~ '~~:'Ju..oay , .~ , , ~ . .9 ~'" UOr

az az au az av az aw
-==-.-+-.-+-.-= (2u).(-2y)+(w +2v)(x)+ (v)(2y)~
ay au ay av ay away

az =-4x3y+ 4y3 + X 2+ xy' + 2x 2y + 2x 3+ 2xy2 + 2x'v =-4x3y+3xy2+ 4x 2y+ 2x3+ X 2+4/
ay

af . 2 2 () ( )'at~~~I'-7~z=t;y==sln t;x==cos t ~'~.9f x,y,Z ==Ln x+y+z ~~~'~~J::»:YJlt.o

:J:>
af afax af ay af az af 1. ,1 1
-==-.-+-.-+-.- ~ -== .(-sln2t)+ .(sln2t)+ .(1)=---
at ax at ay at az at at x + y + z x + y + z x + y + z x + y + z

www.ieun.ir



af fx 2y t:
.~~ (x,y)=(n,l) )':> I) ax ~4 f(x,y)= Jo cos vt dt }'H"JIi.a

af rr: I x=n; y=l af-=2xyeos,\/x y --~~) =-21tax ax

az 2 dZ ( ).~L..,I)I=x-+2x -U)~ I-l.>z=f(x,y) t.~.J~l.>Fx2_yxz =0 "·L~I~~ ·~g:fJli4... ... ax ay· ~ ~ . ... ... ' ~ . .. uo.r

:~ ..« ~I .~Q..J .'l'\~Jli..o 1-.l"'1
~~ . r fl.) . L9:r '-'""'" '-.:' ;-!

~4- ,~.)~ I) v=v(x,y,z) ,u=u(x,y,z) 'lS)~1 C!t; ~ F 0\ )~ ss F(u,v)=O C!t; ~ d:') :~

..~ ~... I_l:> Z ,l"'1 F ,l"' L:.>I JUt; J~ '1 d.S ~:.> u~ L 4\.l~Lt..o ~b .~ '1" ~L z=f(x y)u-..--... ~~ <..r-" '-.:';-! '-.:') .. L.-. ) (.$F· . U U"'~. ,

:~I

a(u,v)
--=o=>
a(x,y)

au au

ax ay =0
dV av

ax ay

au· au
- - 2x -1
ax ay 2 az az az 2 az

av
=0 ~ az az =0 ~ 2x -+z+x-=O ~ x-+2x -=-z ~ I=-z

av z+x- x- ay ax ax dy
- - ax dy
ax dy

2cm/sec 01~ ~ , 14cm as h ~~) , ~~. ~.I}I 3cm/sec 01~ ~, o~~ 25 em ;-!I.r! d..)1~1 ~. r t~./I :~J~

~J.:S~~ d..)~ ~ Lr.'.1 )~ ~I~I ~Lo ,~ ,~~, ~l)

:J:>

v =1tr2h ; A =2mh + 2m2

dv dv dr dv dh dr 2 dh
-=-.-+-.-= 21trh-+1tr -
dt dr dt dh dt dt dt

dA dA dr dA dh dr dh
-=-·-+-·-=(21th+4nr)-+21tr-
dt dr dt dh dt dt dt

. dh dr
:~b ~I~ l.?>JJo"y9 0!.1 )':> ill= -2 •dt =3 .h =14 .r = 25 x.:>l<i.. 0':>).is' 4

dv
- = (2X1tX 25x14x3) + (1tX 252 x-2) = 850 1t
dt

dA
- = (2x1tx14+ 4x1tx 25)x3+ (2x1tx25x-2) = 2841t
dt
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~ ~.? I~. IJ u(x,y) 01~ ~) ~~ ~l) ~I~.~ ~. P(x,y)dx+Q(x,y)dy uJ~ ~1 151)-! ~j'1 ..b~ :~

(Jp aQ -
.-=- ~ ~I 01 (~~ du=Pdx+Qdyay ax

:~~~J:a~

y2

~ f (x, y) ~l5' ~I~.~ ~bt..o ~I y,lho .f (x, y) = (x
2

+ 1) ~ uO}:' Jlio

:J.>

af af 2( )(2 )l-l (2) (2 )ldf =ax dx + ay dy ------7 df =Y 2x x +1 dx + 2y.Ln x +1 . x +1 dy

~~~ ~l5' ~I~.~ (ax 2y2 -cosy)dx+(xsiny+y3 +2x
3Y)dY

uJ~ ~~~ 15J,.b IJ a )~:YJlio

:~I~ ~I . 1~ .~L ap = aQ ~L .. ~.~ ~ ~ ~ .. L : 1-
I....r : J> . ay ax ... '-.97 ..}J. \.r

2ax2y+siny=siny+O+6x2y
------7 2a=6 ------7 a =3

az 2 a2z

-=x +2XY~-2=2x
ay ay
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d2 a2Z d 2 a
2Z

d 2 a
2

Z 2 2 2
Z =aX2 X + a

y
2 y + 2 axay dxdy =:>d z =(2y)dx + (2x)dy + 2(2x + 2y)dxdy

d2zl(2._2) = -4dx2+ 4dy2

l)u =(Xy+~r
au au au

du =-dx+-dy+-dz:::>
ax ay az

:C.P

2)z=yx Y

ro az az
dz = -dx +-dy:::> dz = y2XY

-
1dx + x ' (1+ ylnx)dy

ax ay

3) u =Arctg x;
z

- a- d- a­
V=-i+-j+-k

ax dy az

- dW -: aw -: aw-
gradw =Vw =-1 +-J +-k

dX dy az
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ytb)~ gradF ) ~l.:> )~~ ~I~ 0~ 01';~ ~~ F(x,y,z)==O w)~ ~ (~.~)) L$.~ ~~. oJ~Lt..o yfl :ro+o 4:Jt:,J

:~.1~ ~ ~)"?.j o~~1 ~~ tyO~~.l) ~ ~I ~~ )~~ ~ ~)a.; ~)~ ~)~

'01)~ ytb)~ F(x,y,z) == 0 ~~Lt..o L ~.~) ~ ~~ h> ~ ~~~ ~~Lt..o~,; (~I

. . _.. {F(x, y, z) == 0
.(~.~) ~~ S~~) 01~~)~ C: _ ~~Lt..o ~ ~~. ~ ~~~ ~ Lr'lo..o h> oJ~Lt..o~,; (,-:-,

G(x,y,z)-O

:~~~~~

~~~ uO~~~ )~ 1) Vf )"?j~~ )~ :, J~

1) f(x,y,z)==LnJx 2+y2 , (3,4,0)

- afA afA af" - x" y"" -I 3" 4"
Vf==-i+-j.+-k~Vf== 2 ')i+ 2 2j+ok~ Vf ==-i+-j

aX ay az x + y- X + Y (3,4,0) 25 25

2) f(x,y,z)=cosx.cosy.coshz, (o,~,o)

vr == (-sin X.cosy.cosh z)i + (-cos x.sin y.cosh z)] + (cos x.cos y.sin h z)k

- I ~ 12~" - J2 ~=> Vf(o~o)==Ol--J+Ok => Vf==--J
'4' 2 2

)~ I) ~.~) ~.l ~ ~~ h> ~ L.Y"~ ~ w\'~Lt..o ~I o~ ~,; ,e
x2-y +Z3 -2==Ow)~ ~ LSI ~.~) ~~Lt..o :YJ~

~~.)~1 ~~~ (1,1,1)w~ ~ LSlcJa.i;

:~.)~1~ ~~ 1) (JLo.; )~~) J,9 ~.~) 0~.~lyf I~I :J:>

f(x,y,z)==e x2-Y+z 3-2 ~Vf==2xeX2-Yi-eX2-Y]+3z2k~VfI ==2i-]+3k
(1,1,1 )

.~I ~.~) ~ ~~ h> LS~1.tb )~~ ~ ~ U""lo..o~ JLo.; )~~ J,9 )~~ ~.

Lr'~~ oJ~Lt..o: 2(x -1) -1(y -1) + 3(z -1) == 0~ 2x - y + 3z = 4

. x-I y-l z-1 x-I l-y z-1
~~ k> ~~Lu,: --==--=-- ~--==--==--

2 -1 3 2 1 3

~.~. 1·1 ,rl~ ~ .~I o~~ .. -: -yz=3 <LJ .:J S·· ..· 1_0 - 1-,1 .. s.. oJ.:J~ :Y"J~. ~- --- (,J-!. ) ~) .. ~ 2 ..~) ~ ~~ ~..F ) ~ ..
XZ+ Y =3

~~.~ I) 1.tb01 ~~Lu, ~.lo~.?~; ~~ tSl~ ~ ~~~ (2,1,1) w~

.~.)~1~ ~~ 1) Jlo} )~~ ~~ ~.I ~)l> ,-:-,yo~ ~ o~).91 ~~ 1) J,9 ~.~) ~~ 0~.l~yf 1~1 :J:>

F(x,y,z)=x2-yz-3 ~VF=2xi-zJ-yk~N,=VF I =4i- J-k
(2,1,1)

G(x,y,z) = XZ +y2 -3~VG=zi+2YJ+xk~N2 =VG I =i +2J+ 2k
(2,1,1)
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JlA) )~~, <..r'l.o...o..b.> lS~Ub )~~ d$ ,~~~ ~l> )~~,~ ~ ~ ~~ lS)I~~ ,)~~,~~, ~)l.> y.rOjldS ~I ~,~

:~t~ ~I,> I~ .~I ~~~

i j k

NIX N 2 = 4 -1 -1 = -9J+ 9k

1 2 2

~~~cJ~~: O(x-2)-9(Y-1)+9(z-1)=O ~-y+z=O~y=z

{

Y- 1 z-l
<..r'l.o...o ..b.> cJ~~: -9 =-9-

x=2

.~ . .e. t.:.: ~I' ,~ l:;
• ..~ ~) ))'!.) <S..J ~ ~

: f(x,y,z)=pI+QJ+Rk

.~ ..,. Wu .. • w l:; . 1J c '1,', ~
• ~~ ..~~.J )~ C! ~, Y.9 ~))~.

divf = ap,+ aQ + aR
ax ay az

j k

-. a a d
curl f = -

ax dy dz

p Q R

:~

. _ a(x 2
) a(z 2

- Y) a(xy)
divf =--+ +--=2x-1+0

ax dy dz

divf = 2x-1

-. a
curl f = ­

ax

j k

a ~ = (x - 2z)I - (y - 0) J + (0 - 0) k= (x - 2z) I - YJ
ay az

2 2
X Z - Y xy

:~

grad f =ex+y+zI +ex+y+1. j + ex+y+zk

div(Vf) =e X+Y+z + e X+Y+ 1. + c X+ Y+z x=Y=z=O) div(Vf) = 3
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~~~l) W=X 2y+ 3xy4 c:l.:i~~.':J:' J~

:J>

2 a2
W a2

W 2
V W =--2 +--') =2y+36xyaX ay-

~~L .~ f l; I.:i ~L dj"e-. b a .f (x v) =ax' - xy' +by" :·L ~l~ ~l.>:Y J~.) ~ . r-;;.9' ~..: .:

:~.)~ j~ c:l.:i ~.~ ~ :J>

a2 a2 {b=O
V2

W =0 -----7 --4+--4 =0 -----7 6ax + (- 2x +6by) =0 -----7 ( 6a - 2) x +6by =0 ~ 1
~ ~ a=-

3

:(~) u;?~~ (f-f

- dw (- ) (- )p ~-> ~ w I.:i .... :.:-= Vw . A-
-~.) c: ~.~ ~ dp P

:~~I~I.9

0-?1 4 1 .9 ~~ ~ ~l.)"! ( Vw ,x'p )~.)"! .9~ ~ ~..91j) e ~ ~l~ J~1 ~.9 w ~I.:i lS.r' ~ )~ 0-!.~-'

.max = IVwl :4 ..:.......,1 .r.1r. )J.i.o LY..~

.~~ ~l,> ~ )~lA ~.~ ~ ,~~ 90° .)"!1.)"! e ~..91j ~.9-'
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l:i ,e.~ w ~ 4..J .~~ • L..; ~ ·1 ~ 1~ 1oJ;;:J wI ' .. ~ s., ~ S1 1 'l~ :~
~ ~.~ ~ r-:. ) . . ~ u u ) ) .. l5 ~ ..) ~ ~ ~ ~

o~~l A~ ~ oS ~ ~l w~ wI ' .. ~e:L.., p ~~.. ~ A ~lo l~ ~ w ==f(x y z).9 .. )~!J .. ~ r ~ ~) !J l5) , ,

•• 4..J" • u ~~.. ~ A 4..Q.; ~ w l:; .... ,.~ ~ .. 4..J .'(' ~ p.. ~
~ .~ I ~) ) ~ ('s!."""'~~.rlsO~.9l5~ ..~~ r ~)

l~'l ..... ..'(' c.S u.. ~ lo~~l A~ ~ ~~ W wI ' .. ~ ~1 . ,~l"'" u ~~) ) ~~lSO r I ~) .9~... )~.9 ~ r ~. ~ 2

.~l U 2 ~ 151y: )~~

:~~~J:a~

)~ ,xSlsO~.9 (4,5) ~ ~ I) (2,1) ~ -s ~)~.9 (2,1) ~)~ z==Ln(x
2 +y) ~l:i (.S!.,..,..,~ :, J~

:J>

- az -:' az ~ - 2x -:' 1 ~ ~
Vz == -1 + -J ---7 Vz == -')-1 + -2-J ---7 Vz

aX ay x- + y x + y

- ~ 2i + 4 j ~ 1 (-:' ~)
P ~.br.:Ap= ~4+16 ---7Ap= J5 1+2J

"l~lw~ ........) ). (.S!.,..,..,~~.

dz ~ ~ (4 7 1--:) [ 1-:' 2~) 615-:::::-==VZ.A- == -1 +- J . -1+-J ==--
dP p 5 5 15 15 25

"1~l w Lc L:.: ~ ........) ). ~ )JA <S.~~ ~.

1=(:5 i+ ;5 JJ(~i+*J)=~
.~~~ ~l:i 0~.~1..! o)~l ;-:1;-: ,~c; 010~.~1}' )~y! ~l~l)~ C!l:; .s. LS!.~ ~:ro-e-o)~ CC\S:;

:&;,.)b l~ ~.;S o~~l ~ :X.1jl 0 lii lsO J,3 Jl::.o)~
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2 2
X -y

~~l~ ~l~ (1,1) J~ f (x,v)= 2 2 ~.~~~ ~J~ :Y'Jlio
X +y

:J>

Of af ':' af ~ of 4xy2 ':' 4x
2
y ~ Df I ..v =-I+-J~v = 1- J~v =1-J

ax ay (x 2+y2t (x2+y2)2 (1,1)

: "'L ~l~..uL ,~L . X=cosai+sinai ·· ~ .....'.. 1 l~ ~b
~. ....~ ~ ~J ~.~~0!. J ......

VF.~=0 ~(i- j).(cosai+sinaj) =0~ cosa-sina=O~tana=l~a=~
4

.~l r~ , J,l ~J j~ yla; ~J~ ~ l~

)~ f~ ,-3 4~l ~l~ -2j )~~ ~)~, 2-12 ~ ~l ~l~ i+ J )~~ ~ J~ Po (1,2) J~ f(x,y) ~:f Jlio

~~l ~ -i - 2"J· ..J... ~

-- -- t: (" ")[h" h"] r:ii ...) :Vf.A =2'12~ f i+f Ji l. -i+-J· =2v2~f +f =4
1 ~) l$.~~ UI x Y 2 2 x y

" -+ -2J ~
-2j ~).)~.)bx:Au2=-=-J

14
"2 ~)~.s."",~ :Vf.X.U2 =-3~(f3+fyJ)'(-J)=-3~fy =3
(1),(2) ~fx=1;fy=3 ~vf=i+3J

(1 )

(2)

p= -I -2J

-- -i-2] 15 ': 2J5 ~
A- = =--I--JPJ1+4 55

·~lu~ l~• ). <.S.~~ J ~.

L.li ~; ,~: x. ~lA..O olf.fb ..:........1 ';I~ d..h.ii.; lSl).:l (xo' Yo) )~ tiL; 0!.1 ~~<5'" ~.~ yla; ).:l I) z =f (x,y) 0~,.:l tiL:;

~L .. IA: L·.. ~.~~ ..~
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dz dz
~~ ~IY"! <\..bAj tY~ <.Sly. ~~ o~ ~ 0LoP (xo,Yo))'::> z=f(x,y) C![; <.SIr. dy' dx r..,::>lA..,~ ~):~

... , ~l . ~~

.~ ~ ) y!.) y!.

B= a
2

Z

axay
(xo,Yo)

~=B2 -AC

.~I~min151)1~(xo,Yo) )~~l:;~~ A>O ~ ~<O yfl_'

.~1~ max 151)b (xo,Yo) ~l:; ~~ A < 0 ~ ~ < 0 yfl_,

.~I ~.j <\..bAj 151)~ b ')lb..a1 ~ ~~~~ min ~ max 151)~ (x o' Yo) )~ z ~l:; ~~ ~ > 0 yfl -,

.~l~ lS! ~~) LJ-!.l ~~ ~ = 0 yfl_f

~1~ <\..bAj ~.1 tY~ 151~ o~ ~ ~ J.9 ~~ ~l~ <\..bAj 151)~ (XO'Yo))~ z =f(x,y) C!l:;~ ua) :~,;

:~~~~ u.~~.lyfis"~ ~ ~x ~ dy dSl) l~.j u)~ ~l.> Lr.'.l)~ .~~ ~Lo

J =f (x 0 + ~x , Yo + ~Y) - f (x 0' Yo)

..., I· u~l.>

.~~~))"! s r: ~

.~1~ min151)1~ (XO,yo))~~l:;J>O~~~b~x~ dyy!.~~~tl)4..:~~

.~1~ max 151)1~ (x 0 ,Yo) )~ ~l:; J < 0~~ ~b ~x ~ dy y!.~~ ~ tl) 4..: ~~

.~l ~.j ~ lSl)~ (x 0, Yo))~ ~t; ,~~ ~l~ ~~. ~)k J ,~x ~ dy y!.~~ ~ tl) 4..: ~~

:~ ,.)~~ ~,h..o oK; ~ ~l~ ~ tY ~tf ~l ~.~ :~,;

.~1 (~~)~ min l51)~ (0, 0) ~l~ ~)~ z =x4 + y4 ~l:;

....::.......,1 (jl.6 ,)~ max <.S1).::> (0 , 0) ~IY"! <\..bAj ).::> z =-~ x2 + y2 C!lJ

.~l ~.j <\..bAj 151)~ (0, 0)~l~ <\..bAj)~ z = x3 y4 ~l:;
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:"J.J:,~ J.j~

.~~ ~t; ~I)~ 1) Ub01 tY ~ ~1~..bLQ.; ,~I uO~}-o f(x,y) = x' + y
3

-3xy ~t;:, Jlio

:J>
af 2 2

ax =3x -3y=O--n =y ----j{X=O----jY=O

af 2 2 x=l----jy=1-==3y -3x=0----jy =X
ay

----j L\ = B2- AC == (_3)2 - (6x) (6y) = 9 - 36xy

.~l ~.j ~ lSl)~ ~t; I~ L\ = 9 > 0 :~.)~ (0,0) )~

. . {L\: (9 - 36) < 0
•..::.........1~ rrun LSI).) C!lJ I.il A:6 > 0 :~).) (1,1) ).)

~I~ ~ lSl)~ (1,-1))~ ),s~ ~t; oS~ I~. lS),.b I) b ~ a Y!.~l.i.o f(x,y)=ax3+by2_xy3+x2 ~t; )~:YJlio

~~ ~~I)~L,)-!.ltY~~4

af 2 3- == 3ax - y + 2x
ax
af 2
- == 2by-3xy
ay

{

3a.(1)2 _(_1)3 +2(1)=0 ----j 3a+3==0 ----j a=-1

2 3
2b.(-I)-3.(I)(-I) =O----j-2b-3=O ----jb=-2"

{

A = - 4
x=l;y=-l) B=-3

C=3

----j L\ == B2- AC =9 + 12 =21
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:J>

,---------------------------------- :~.J,T~~.

JQ(X)
f (x ) == h (x, t )dt

P(x)

f'(x) = df = JQ(X1dh(X,t) dt+Q'(x).h(x,Q(x))-P'(x).h(x,P(x))ax p(x) ax

. b" "q T.~L:: L.
'~.) L9r <S).9 ..~~.

.lolA;~)~ ~.1 <sly! ...L::J~ D ~~ ~~ ~l,j ~. )~ z == f (x, y) c:l:i~ ~~I ~.~ULo ~~. J~ ~ uO}

~l.i <Sjr <S~~ .s: .ss <S.9)y!~,~~ I~. D ~l.i )~ e-91.9 ~I~ .blQ.j )~ I) z )"!.~l.A.o .9 o~.? I~. I) z ~l:i ~I~

.~cs" ~).1 <S.~ ~I~ L)~ '\.: I) o~1 ~~ z x.~~ 0-!.~ .9 0-!.y..S ~.~ )~ ~.J.91~ ~~ I) z ~~I ~.~~ D

:~~~Jj~

~ D:{(x,y)lx 2 +y2:::;4 ,y~O} ~G)~ I) f(x,y)==2x 2+y2 +x ~l; ~ ~.9 ~.?L, )"!.~l.A.o:' J~

.~

af 1
-=4x+l=O~ x==--ax 4
af
-=2y==O~ y==Oay
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y

x

:~.)~ D ~G l51~ l5jy.o~.9~

- 2 2 .
:~.I~ \':'~•."..~ x +y ==4~ l5.9) (~I

f (-2) == 4+(_2)2 +( -2) == 6

f(-~)=4+±-~= 1:
f (2) == 4+4+2 == 10

+
f ~

f'

()
'), 1

f x,y =>f==4+x~+x=>f==2x+1==0=> X==--
2

1
x -2 -- +2

2

()
2' 1f x,y ~f==2x +x~f ==4x+l=0~x=--

4

x -2

f'

f ~

1

4
2

+

f (-2) = 2( 4) + (-2) == 6

f(-±)=-±
f(2)==10

1
f min = -- ;fmax = 10

8

:J.>
af
-= 2x-y+l =0
ax
af ~x=-I;y=-1

-=2y-x+l=0
ay

x
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: l~ l~ ~l o~ o~l~ .l::.-.; ~l.i "-' :.:1_·· - ,(-1 -1) ~ ~l . ...!J~~~.) U .. .~, ~..

f ( -1, -1) = (-1)
2 + (-1)

2
- ( -1) (-1) - 1- 1= -1

:~.)~ o~ o~l~ L"l::.-.; ~l.i Sly! SjyA~~

:~.1~ ~~ (Lsy )~) x =0~S~) (~l

f (x, y):::>f = y2 + y:::>f' = 2y + 1= 0:::> y =_.!..
2

(0, ~1) ~).) :(z jiiLb.) x=o = -~

(0,-3) ~)~ :(z .r5l.>_»x=o= 6

()
2' 1f x,y =>f=x +x=>f =2x+1=0=>x=--

2

(
- 1 ) 12,0 ~).) :(f jiil.l»y=o=-"4

(-3,0) ~)~ :(f y:S1~) y=o = 6

:~.1~ ~~ x+y=-3~S~) (~

()
2' 3 3 3

f x,y :::>f=3x +9x+6:::>f =6x+9=O:::>x=-"2 ;y=-3+"2=-"2

(_2_2) ~ ~ :(f lol~) =_2
2' 2 ) if x+y=-3 4

fmin =-1 , fmax =6

:J>
af- = (2x -4)cos y = 0ax

=> x=2 ; y=O
of = _(x 2 -4x) sin y = 0ay

: l~ IjJ ~l o~ o~l~ .l::.-.; ~l.i "-' :.:1_·· - ,(2,0)~~I . ...!J~~
~.) U .. .~ ~..

f (2,0) = (4 - 8) .cos 0 = -4

:~.)~ o~ o~b L"l::.-.; ~L; Sly! SjyA~)~

- 1t 1t
:~.IlS" ..::.......,~ -"4::;; y ::;;"4 <l1..o13).) x =1~l.S~) (~1

f (x, y)=> f = -3 cos y => f" = +3sin y = 0 => y =0

(1,-~) ~);) :(f y:S1.l»x=I=- 3;
(1+~) ~ c :f =_3J2, 4 ) 2

(1,0) ~)~ :(f jiil~) x=l = -3
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()
2 12, 12

f x,y ~f=(x -4x).-~f =(2x-4).-=O=:>x=2
2 2

( 1~J d..6i.; .) :(f "("1..>.» =- 3J2
, 4 ) ~ y=~ 2

4

( 3,~J d..6i.;).) :(f ;Sl..>.» 11 =- 3J2
4 Y=4 2

(2, ~J d..6i.;).) :(f j91..>.» 11 = - 4.[2
4 Y=4 2

f (x, Y)~ f = -3 cos y~ f" = +3 sin y = 0 =:> y = 0

( 3 - 1tJ d..6i.; .) :(f "<"1..>.» _ = _ 3J2'4 ) .r: x-3 2

(3, ~Jd..6i.;).): f = _ 3~

(3,0) d..6i.;);) :(f j9t.\» x=3 == -3

()
2 +12, +Ji

f x,y ~f=(x -4x).--~f =(2x-4).-=0=:>x=2
2 2

( 1,- ~J d..6i.;).) :(f ;Sl..>.» 11 =- 3J2
4 Y=-4 2

( 3,- ~J d..6i.;).) :(f ;Sl..>.» 11 =- 3J2
4 Y=-4 2

( 2,- ~J d..6i.;).) :(f j91..>.» 11 = - 4.[2
4 Y=4 2

:~.)I~ j) )~ ~.

f min ==-3
___ 3.[2

f max
2

}I./~ ~\.:; ~ oS I) )"!.j C!\.:; )~ LJ-!.l 151~ ·~4LS" g (x,v) =0 0.6~ 4 z = f (x,y) C!\.:; ~~~~I ~.;)lA.o ~~. J~

0~ ~~I ~ 4S l$.~(x,y) 0 1& ~,(~I ~~~ }I./~ ~.rO ~) "A )~ '~.j O~;)), o~b ~ ,~I ~~JA

:~LS" I~. I)~~~~ g(x,y) =0 .6~ 4z ~l;

}I./~ ~\.:;: L(x,y)=f(x,y)+"Ag(x,y)

aL =0
ax

;;1'/)1 o~.) : dL =0ay
g(x,y) = 0
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L(x,y) =3x-4Y+A(X2+y2 -1)

aL = 0 =>3 + 2AX = 0 => x = - ~ : 1
ax 2A
aL 2
-=O=>-4+2Ay=O=>y=- :2
ay A
x2+y2=1 :3

5
A=-=>

2

5
A=--=>

2

3
x=--

5=>f =3(-~J-4(~J=-5=>f. =-54 5 5 mm
y=-

5

3
X=-

5 =>f=3(~J-4(-~J=5=>f =54 5 5 max

y=--
5

72
A=-- =>

13

Ll x, v) =x
2+y2 +A(%+~-lJ

aL A A
- =o=> 2x+-= 0 => x =--
ax 2 4
aL A A
- =O=>2y+- = O=>y =--
ay 3 6

~+1.=1
2 3

-A _~ = 1 =>-9A-4A = I=>A = _ 72
8 18 72 13

72
X=-

52 36
=>Z=-

72 13
y= 78

:1

:2

:3
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~~~ ,X
2-2x + y2-4y == 0 ..b~ L I) f (x, y) == X

2+y2 ~G'~ ~ ~.?Lo x.~l.AA:f Jlio

:~~~~ I) y;1./~ o~~ 01 & ~ 3 o~b~ I) y;1./~ ~l:; ~.~ I~I :J>
L (x, Y) := X

2+ y2 + A(X 2- 2x + s' - 4Y)

dL A
- := 2x + 2Ax- 2A== 0 =>2x (1+ A) == 2A=>x == -. :1
dX A+l
dL 2A
-:= 2y + 2Ay-4A == O=> 2y(1 + A) == 4A=>y == - : 2
dy A+l

x2-2x+y2_4y==0 :3

(
A J2 2A (2A J2 8A

A+l -"+1+ ,,+1 -"+I=O~"=O;A=-2

{

X == 0
A == 0 =::> => fmin == 0

y==O

{

X == 2
A == -2=::> =>fmax == 20

y==4

cL..w)~ .~~ 0~ ~./ ~ b~ 01~ ~ ~~~ ~j ~)~ 4x
2

+y2 +4z
2

==16 )~~ ~ ~ ~.I~~. :f Jlio

~.t~ ~.~) c:\.bi.; eY.~./ ,T(x, y,z) == 8x 2+4yz -16z + 600 L ~I ~I.T! ~.t~ ~ .T! ,( x, y, z) c:\.bi.; 15Lo~ ,~~

:~~ I <: ....: 1 ..··I·('~ o~~·l .. c..., o~b I <: ....: 1 ..··I('~ l:; ~L I~I : 1-
IV-;;-- ~~ ).r.r u & . 3 ~ » r' r ~ .. . . v-'

L(x,y,z) ==8x 2+4yz-16z+600+A(4x2 +y2 +4z2-16)

dL
-==0=::>16x+8Ax==0=>A==-2 x==O :1ax '
aL -2z
-==0=::>4z+2Ay==O ~ y==-- :2ay A

aL
- == 0=::>4y-16+ 8Az == 0 ~ y==4-2AZ :3az
4x2+y2+4z2==16 :4

4 -2A
J.91 -::JI.:> :x = 0 ; y = 1- A2 ; Z = 1- ,,2

g(X,y,Z)=O~O+ 16, 0 +4( 4A
2

1
0)==16 =::> A:=O::=;> {x=Z=O ~T(x,y,z)=600

(1- A'-)'- (1- A-)- y == 4

" ,1, "·~d...>··L 4 4
f'.9~ -::JI.:> :A= -2 ~ ~r'..~) Y =-3 ;Z =-3

I 16 16 4 16 16 -4 -4
g( x, y z) == 0 => 4x'- +-+ 4x--16 == 0 => x == ±- =::> T(x y z) == 8x---x--16x- + 600

, 9 9 3" 9 3 3 3

::=;> T(x, y, z) == 642.67
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:J>

L(x, y.z) = XYZ + A(X + y + z - 4) + Jl(X - Y- z -3)

aL
-=yZ+A+Jl=O :1
ax

aL
-=XZ+A-Jl=O :2
ay

aL
-=xy+A-J.l=O :3
az

x+y+z-4==O :4

x-y-z-3==O :5

7
534..b~)=>x=­

2

2
3 3 2 ..b~ ) => y = z = - (J.l- A)

7
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:~1~ ~l,>t 0Loj yJb)~'~ c.Sy> R{t)=f1{t)i+f2{t)J+f3{t)k e:U~~ ~C~ L5~) L51o)~ o~~

R'(t) = v(t) =f\'(t)i+f;{t)J+f;{t)k :151~ ~r )~~

R"'{ t) =v'(t) = a(t) = f;'{ t)i+f;'{ t) J+f;( t)k :151~ y~ )~~

'~J~I ~~ ~ y~ )~~ J~ ~ ~r )~~ J~ jl ~:fb)~ 01,;~ 1) ~~)~ ~ ~r)~

u)~ ~J J~ .~~~ ..b~yA t UOl>- c,lcj ~ d.5 ~~ ~ L5~J L51~ P ~ o~ 0~ R{t) w)~ ~ c~~ d:'}

:~~.?~ ~.~ ;-?j u)~ ~ p~ J~ C~~~~ ~~. )~~

o~.~ c:~~ ~ ~Lr.'J J~ ~ ~~.?~ 0~ ~l5:-o J~ as ,~1 c.S.r~ ;-! ~~ ~ yJb J~ ~r )~~ ,~~ ~')La

.~~~

:~cs" ~..rU ~.j wJ~ ~ 1) J~1 ~~ ~l3 ~. ~l L5~~ ~~. )~~

- Tft)
N(t)= IT' I

(t)

B=TxN
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.~~~ ~!J~ ~~. ~~ )~~ 01JlA.; !J ~~ Po J:>!J~ ~ ) as ~I 151~ 0L.,~ ~ - ,

.~~~ ~~ ~~. )~~ 01JLo}!J ~~ Po ~!J~ ~) ~ ~I 151~ ~~ ~-,

.~~~ J!J'~~. ~l9 )~~ 01JlA} !J ~~ Po ~!J~ ~ ) ~ ~I 151~ ~~I ~-,

k(t) _ ..:...-IR_'(t_)X_R_
H

(----:..t)1

- !R'(t)1
3

:~, ~')I ~ !J~ ~ ~,;

.~.:;fcs" 0L,~ 0 Y!.l~ t~ b)lb.o' ~. ~I t~ ,)~~ )~ ~I~~~~ :, ~

~ ~. o~~~ ~, t~ ~'j! 01t~ !J o~~ ~I,~ ~. .rJi..o~~ )~ 01jSr ~ l5'oy!.'~ ~ ~~:Y ~

~.~lA.o 4S ~~.J~ 0'';~ ~~l.MJ ~ 4 1.~.:;f~ P ~)JA ~)~~ 0L.,~ o~.l~ IJ ~~~ ~lo.A P ~)}A~

.~~~ 0~. uol>~ 01 )~ ),s~ o~.l~!J~ clI~Lu, ~ ..b~r ,yH , y' ,y

J:>,~ ,~~~ 0~ R(t)=eti-(2t2+cost+t)j+(t2-3t)k
w)~ ~ 01) ~ ytb~!JA )~j! as 151~:' Jlio

~~ I~. t = 0~ J~ I)~~.' 15~1 ~I

R'(t) =e' i-(4t-sin t+l) J+(2t-3)k

R"(t)=eti - (4- cos t ) ] +2k

:J>

R'(o)=i- J- 3k
- ",..." ==>
R" (0) =i - 3j + 2k

j k
R'(O)XRH(O) = 1 -1 -3 = i(-2-9)-J(2+3)+k(-3+1)

1 -3 2
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k 0 = l-l1i-5]-2kl= -./121+25+4 =~ (6
() li-]-3kI3 (-./1+1 +9)" 11 Vu

.b~yo s' )~, ~~~ Lr!.I;-! (-1, 1) ~)~ oS~~.; L51o~l~ ~~ ~.~ p)~ 1) y=x 2
~:Y J~

~~ yL.> 1) o~.I~ t~ .~~ 0~. 4-01 )~ o~.I~, ~ ~

.~~~ d..6.;~.1)~ ~ LS~I ~ 01t~ as ~I o~ o~b d..6.;)~ ~ 0~~ o)':'.b 0~ ),s~ o)':'.b ~I~ :J>

{

Y= f (X) = X2
"

y'=2x =>k(x)= Iyj 3 = 1
21

3 = 2 3

y"'=2 (l+y'2)2 (1+(2x)2)Yz (1+4x2)Yz

2 2 1 5-15
k(-I)= =-=>R(-I)=--=+->O

(1+ 4)7i 515 k (-1) 2

~~.),1 ~~ 1) ~.j ~.~~ t = 0 ~)~ ,r( t) = cos tI+(2 t-I)J+( t2 -t)k u)~ ~~ ~. oJ~b:Y' J~

.~~ 1) ~~ e,Sy>~~.1 L5,).r! oS~~ y~, ~r~.~~ (UJI

.~ ~L.> 1 t~I,,~ .~~1 (",... ) L.9 ~- -- \:..

v(t) = i' (t)= (- sin t)I+ 2J+(2t - 1)k

a(t) = iN( t)= (- cos t)I+oJ+ 2k

v(0)=r'(O) =oi+ 2} -Ik =>Iv (0)1 =-15 ~r

a(O) = r'(o) = -Ii +oJ+ 2k =>la(O)1 =-15 y~

{

X = cosO= 1
~ )~(t=O)=> y=2(0)-I=-1 ; r'(O)=OI+2J-lk

z=O

{

Y+ l z-o
~~ h> oJ~~D: -2- =-=1

x =1

~~~ oJ~Lu,C:0(x-l)+2(y+l)+(-I)(z-O)=0

C :2y+2-z = 0 => C: 2y-z =-2

j k

r (0)x r"(0)= 0 2 -1 == (4 - 0) I- (0-1) J+(0+2)k
-1 0 2

Ir'(O)xr" (0)1 ~42 +12 +2 2 J2i
t~l:k(O)== 3 = 3 =-

Ir'(O)1 (~02 +22+(_1)2) 5-15

1 515
,~1 t~ :r(O)==-==-.-

k(O) J2i

(UJI:J:> ,

(y
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~L,j ~1.9 )~ z' ~ y' .x' ~ ~~ o~ ~.~ ,R(t) = x(t)i+y(t)]+z(t)k ~) ~ 0L,j ) ~t; u)~ ~ c~ olf~

:~)~1 ~~ ~.j ~I)) '~~.di t 2 t; t} ) t ~~ I) c ~~,g J,.b 01~~ ,~~ ~~. [t} ,t2 ]

L= r R'(t)!dt

.. t.· I" T- (t) R'(t) dR- R- ,( t)d t .c:' -I .. I 1-
:~", 0",(.S"" =IR'(t)1 5 = <U 0 ~~", ~ 'v-

.r.
- - .r. R'(t) -,

1= T .d R == -1_-1R (t) d t
C C R'(t)

1= fclR' (t)1 d t

~l> ,~~ x2+y2=1 aJ~~ ~ c 0fl.l~)"! P ol~~ ~)~ ~I~ ~~ )b)"! T(s) ~ F(x,y)=yi+4x] ;f1:Y Jli-o
~~ J~ ri F.Tds. ic

{
x =COSS _ A A

C: . R (8) == cos 8i +sin 8 j
y=Sln 8

-+ R'(8) - sin 8i + cos 8] A A

T--- - =-sin8i+cos8j
-IR'(s)l- ~( -sins)2 +( coss)2

. I~ ci ~ .. I..... Ci '.. '" c.\.J c:l> .. L JG>
'~.) , .r'-')~~~~ • • Y.

F= sinsi+ 4cos e]

=> I = Co(sin sf + 4cos8 3).(-sin sf + cos S3)dS = f( -sin2S +4cos28)dS = r(-sin28- cos" 8 + Scos ' 8) d8

21t 21t( 1+COS28J ( 5 1 J 1

21t

= L (-1+Scos
2S)dS= i -1+5 2 dS= -S+"2(8+"2sin2S) 0 =31t
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UbX)~ L5)~..b.> ~ ,olf ~ ~.,f~ ~ lsx )~ ~~ I) ~I o~ ~.r1 x-y ~)~ cSD ~l.i :, ~~

.~)~ (.)~ J>I~ ) ~~~ ~) L)~ o~)~ L5~~ ~)t ~ ) cS

y1b ,olf~ ~I~ ~ x )~ ~~ ~L; 0:'.1 ~.,f~ ~~ x-y~)~ o~ ~,:; ~L; ~. D~ uO} :y ~~

~~ ~ y )~ wl)~ ~ ~ ~~~ ~.; ~l.i 0-!.1 J>I~ )~ ~ x )YtA ul)}A ~ cS dy uOr ~ ~~ 0W~

<.S.~I ~. ~ ~ ~. L5~) ~ 0 W101<.S.tx~~1 r cS~~ ~)-!.~ ~.l15I)~ ~ ~ ~)~ I) D ~l.i ~ LJ~is"

.~~ ~~~ ~. s~)~ L)

15Ub)~ ~~ I) ~L; 0:'.10~~ ~~~ ~I o~)~ y=4-x
2

~ y=x 15~~ ~.}o)D ~l.i:' Jlio

.~~~.j)w~
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~~~~) ~X)~ ul)~~~.9~ ~')t ~jl ~./" ~.~) o~~'~.9 J~~.9~ ~ ~~ ~:J.>

~) ~y)~ ul)~ ~ ~ ~.9~ ~')l; ~) ~~ d.9 ~)~~ o~)~ ~G J>I~) h> ~.I05 ~~~

c.L....>G U ~.if I ~ . I . I" o~ ~ ~l.ho ct.l d-;> .• L ~ ~ . . . L·:-b·' h> 05 ~:. d..1i.>~ ~ :... .r ) ... LX. u}J~ .. .}J .~. ) ~~~ ) ~~ ~

~.'.9~' ~~. <s.9) ~.)~),.; ~.I r 3~ ~ ~.)~ oS ~~~ d..1i.>~ ~ ~) x)~ ul)}A ~ ~.)~)~./'

.~, . I:..· -G lsx ct.l~ "l\~ ~G ~, ,,~ .. ~~
~ )~.. ~T..~. ..r-'

01~.~ r 3 y=4-x
2
~ <s.9))~ r 0..:. o)~ 05 ~~~ d..1i.>)L ~~) ~y)~ u')~ ~ ~.)~)~./'

.~I . L:..· - Lsy ~ ct.l~ "l\~ ~G ~I Y=X .~ 'C'Q)~ )T--. . ~T..~. ~ -- ~J

~).r! I) ~~ ~G ~L;~.~ ~3 .~! o~ ~.~ D:{ (x,y)IOs y sx ~ Isxs2} u)~ ~ D ~G :Y J~

~~

:J.>

~ X =2 3 X = 1 ..b> ~~ cbLQ.; lS~~ ) ~.~ ,~ o~~1 J~ ~li 0~~ ~li ~. ~ <sIx , ~.~ ) ~,~ ./'

~~ ~~I '))l5" <.Y:'.I./' 05~ ~) y )~ ul)}A ~ ~ h> 3~ 3x)~ ul)~ ~ b>.9~ ,~I ~ 3~ d.5 y=x~

) lsy )~ 15)~ .b> .9~ oS~)~)~ ~)~~ o~)~ ~G J>b ) X )~ <.5)}A k> .9~) ~. oS ~~~ d..1i.>~

./1 Jl.> .~, ~ y )~ ~~ .9 ~~ X )~ ~~ J~ ,,-:->G " ~.~ ~ ~ ~. ~)j!~ o~ )~ ~G J>I~

u')}A ~ .9 dy uOr ~ ~.)~ ),.; X~)~ ~, ~lS ,~ o~~' J~ ,,-:->G 0~~ ~G ~. ~ <sIX ' ~.~ ) ~l~

3 ~I y=x~ lS.9) ~~.~ r.9 x=2 h> <.53))"; r~.'~ 0..:.)~ oS ~~~ ~~ ~~~ ~ 6 ~~) x)~

I)~ ~.1 ~,~~ " ~.~ "'-! ~~. L oS ,~I x=l k> <.5.9) ~~.~ r .9 ~l x=2 b> <.5.9) )1,.; .r" ~. ~.~ <.5~ )~

d..1i.>)L~ ~).r! ~ y)~ ~ ~ ,) J~ ~~~.9 ~,~./' .~, ~G x)~ ~ ~ J~ ,,-:->G 6 ~.~

~.~. ~ ~~ ~~. ~~ cS.r x=O k> <.53))"; ~.~ r 3 J.:S~ ~.r y=x~ <.5.9))~ r S:. o)~ oS~~~

.~l .I:"._~y ~~ "l\~~G~·~~ '1" ,
~ )~ •• ~T.. .r ... uJ-l~
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f
b fQ(X)

A= f(x,y)dydx
x=a y=P(x)

f
d f"(Y)

B= y=c x=m(y) f(x,y)dxdy

~~ ,) f(x,y) ~" C!G~' ~l.) ,A J'~I ~Gt..o)~ ~ ~.)~~.)~ l5'o~L.v)ts" lJbJI~I~.l ~~ l51~ ~~

~ ~.~~ ~}~, ~'O~,~)} I)Y~ .b~y-o ~,~ o.:J,' C!C; ~.l)~ ~~~~ x 0~~ ~G J:') ~,y~

.~.)~J"!..~ 01~Gt..o ~ ~ ~~~ x l51~ ~~ a..;~. Jl~l ~.

1 - r2 ry dxdy
1- Jl Jo (X+y)3

:J.>

1t

12 = f~ fo2 COS x.esinx-2y dx dy

1 - r1 ry dx dy
3 - Jo Jo x2 + y2

1 Y dx 1 [1 X] I

Y

1 1 1t 1 1 1t 113= r dyJ 2 2 r dy. -Arctan- = r dy.-[Arctanl]=- r -dy =-Lny 10= 0-(-00)=00
Jo x=o X + Y Jo y y 0 Jo y 4 Jo y 4
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.~~lS"~ )':;'~ <l,:>li .s; D 0 1)':;' -s ..:........,1 I = f i f (x, y) dx dy x...iLo 151<\,jl3'~,:;, JI~I o..;.....b J~ ~ ~)

.~~ ~ ~I~~ j!.j~ ~~ ) ~. D ~~ ~.yU ~~ ~ ~~ ~~ ),b ~ JI~l ~~~ 0~1~ )} 151~

--+--.......~l----y=d

y

x x

x=b

f
b fQ{X)

1= x=a y=p{x) f (x, v)dy dx r f{Y)1= f (x, y)dxdy
y=c x=p{y)

~~ ,~~ ~.~. ~~I JI~I (x,y) ~ ~~ y1b ~ ~ f{x.y] 4~1 ~l:; ~bt.o ~4- ,~I ~ ~ ~. ~ '"'-?i

.~~ ~~ 01~~ D 01~ 4S~~ )I} ~.~~I )~ 15~ ~~ I) 15x!Jl~1 ~;.

e I~ ( 3)1
3

3 9-x 3 1 2 3 1 2 1 3 2 X
I=J ydydx=f dx.-y = f -(9-x )dx=2.- r (9-x )dx= 9x-- =27-9=18

-3 y=O -3 2 -3 2 2 Jo 3
o 0
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3 P 3 I
P

3 ~ (2 J1== J _ J _ c:-2 ydxdy == J _ ydy.x == J _ 2y.\j9 - y2 dy == 0- --x9x3 == 2x9 =18
y-O x--\j9-y- y-O -197 y-O 3

J Yo~dy= J Yot.(-tdtJ= J -t2dt=_f=_.!.(9-y2)~9-y2
Y 3 3

.- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ",

i~9-y2=t=> -Y dy=dt=>dy=-tdti
, ~ y I

: \j9-y :
1 J

D :{ (x, y) Iy 2 Zx; x 2 0; 1S Y S 2 }

y=2--- ~--

y=1--- --
x

:J.'>
: ...« I "l'\~ ~L; I~I
~~~) )L9:r.. .

~_fl ~I x ' .. o...,,~I.~Jle·~:I~··.~I·t.:.·-x ' .. ~~ .t.:"-L;y ' .. o...,,~D '1~6Gt,j1'1..;y~) ) ~. . ) <.S~ .r- ... .r ~ ~ . . .9~ ~ •• u·· .)

:~.~lS"'" ~ o~,~ )}
y -y

1== J2 J~ dxdy ==J2 dy _1 Ln IX_Yllx~2 =J2 dy Ln 2 -Lnl-y!
y=l x=Q x2- y2 1 • 2y x + Y x=O 1 2y 3y y

2

= r~~(LnGJ-Ln(1))=~Ln GJ.Lnyl~ =~(Ln~J.(Ln2)

x

..b~ 3 y2 = X ~ 0.....; .)3..L:>t.o ~l.; D ,) )~ o..S 1= J i eYdxdy Q....jl5'~.) JI~1 ~b.o .:..........,1 y~.f Ju..

.~4~ y =1,x =0

y

2y=x
y-t---....~---

x

x

4.....J.~.• .b;j e Y o-l I l:;~~ . lS:.-ol I ~I· t:.· - y '.. ~ ~.Jb X •.. d..J~~ ••~ "-.>L; ~I ~.. ~ ~. U lS~ ~ ~. . lv--.9 ~. • l~- L9r .. ~..

:~.~~ IjJ ,~)~ ~~~ X~
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I = II Ii e~ dxdy = II dY.[Ye~] y

2

= II (yeY _ Y)dY = yeY _ eY_ L I 1
y=o x=o y=o y=o 2 2

o 0

~ j y =1 •x =2 .b~ "---! .)j~ .:L..::>!.; D 0 i ).)cs I = I i x In ydA <L.il5"j.) JI~I~b ..;.....,1 y,lho :f J~

.~4~ xy=l

f2 fl J2 fl f2 I f2 [ 1 1 1]1= __ Ixlnydydx= _xdx _Ilnydy= _x.[ylnY-Y]ldx= _x -l--ln-+- dx=
x-I y-~ x-I y-~ x-I ~ x-I X X X

f 2_ (-x+lnx+l)dx=[-~X2 +xlnx-x+x]2 =[_~X2 +xlnx]2 =(-2+2In2)-(-!+lnl)=2In2-~
x-I 2 1 2 1 2 2

:f'~ J> DI)

1= r.r lxlnydxdy= r Iln y.[-'!"x2]2
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I ]1
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1 1 1 3 3
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2 2 2 2 2
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1= y=O x=-l f(x,y)dxdy+ y=l x=-l f(x,y)dxdy

.I = rx Jl[ sin y dydx <l,jl3'~~ JI~I ~bt.o .::.......1 y,Lho: Y JIiG
Jo x y

~1 ...)Jb~ 1~ ~_f' ~y '- c:lJ ~, .. ~j,_e·~:,~ - tAS o~ ~. I~ ...~ c:lJ llbJ,e'~:1 ~ ~ ~... cl1a>)L,: I-
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--~~t--'"
I = JX JY sin Ydx dy = J1t sin y dy.x I

Y

y=o x=o Y y=o Y 0
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V =V x,y

D' 1) 01) O~~ l~. (u,v)~ ):J 1) ~1 o~ ~.~ (x,y)~ )~ as D ~L; ci~. ~.~ ~ ~I ~j'i ~
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2
v-u
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I == iT ( fi +~JdXdY == iT, (~+~)._1 du.dv=:> f9 I' ~[~+ ~]dUdVJo l iJ-;- Jo 2u v~l u~l 2 - U
u2

== ~ f9 [2U i +~ Ln u] 4 dV=~ tJ (2+~ Ln4)dv =8+ 52 Ln2
2 v=l 2 i.. 3

I

r==~x2+y2

{
X ==r cos 8=> 8 == tan -11.­
Y==r sin 8 x

IJ I=r=:>dxdy == rdrd8

(

2 2 Jl..o ' ~ '.. '.. ~1 1 --"'1 ' l.:; ~ L' ~.. ~ x + Y .. llb .. ~ L"I ~ ~
'-:-'--"'" y-!.) c..5 ~~ J .J~ Yo.) ~ ) .. <.5)y" <.5 ~) 7 II .r.hi (S!. rr ~~ . t:9 ¥' <.5) - . :

:~I

{
X== areos 8

. => dxdy =(abr ) drd8
y == br sin 8

x2 y2
_+_==r 2

a 2 b '

~ ~b:.il L., - ~ , WI ,~L -L:.· ~ 8 ~~ D 'I~ ss;: ~ :,~
.. ~. ~'-"J U .~ .. u.. .. )~ )

9

.f.
r=d r8=g(r) P (r, 8) d8dr
r=c J8=f( r)

r

....« ~b:.il. -C.~ • WI ,~L -u- A r ~~ 0 ·I-L..o~ ~
~ cs" . \S U .~ .. u·· .. )~ )

9

r
8=b .f. r
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x =-00
D:

y=O

y=+oo

3n:

15 2
=> I =-sin28
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X = 1 => r cos 8 = 1 => r = _1_
cos O

(x_l)2+ y2 = 1 => x 2 - 2x + y2 = O => X
2+ y2 = 2x => r2=2rcos8 => r=2eos8

eas8

I = J.b xdydx =>

1t 1t 3 2eas 8
r- J2eaS8 r- r
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eas8
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D X 2 8=0 r=1 2 9=0
dxdy=2rdrd8 _+y2 r 1

4

www.ieun.ir
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~~~ ~ o..;lf~~ JI~I J> ~Lo ~ JI~) ,I=fb fn(X) fQ(x,y) f(x,y,z)dzdydx~~ LSId.,jlf~ Jl~l ~bt..o LSI)'"!
x=a y=m(x) z=f(x,y)

LS~JI~1 ~L; o~)~ LSIJb~.~) ~ ~~ L JI~I ~~~ 0~1~)} ~I ~ ,~l ~ .~~~ o~~

.~~~

:~.)~ o..;lf~ 15~JI~1 ~)'"!)lS ~.}o~L., 01~ ~ ~l ~.~

:v = fffv dxdydz

:~~ ~ J,:aL.".,.o

~~o~ ~~~~ v 01)~ 0 I = fffv (x + 2y + 3z) dx dy dz cLilf c.Lw Jl~l ~~ ~l y,.lb :, Jlio

x
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y
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x=-3 3 x=-3 3 3 x =-3 3 3 3 .,
y=-2 - -.1

z

-2

x

y

y

x

o~ e-9', y=4,y =x2 ~ y Y=-i, ~y_x2 ,_~y_x2 ~ Z ss~~~ o~~ olS:;1 ,~.~ ~ z ~)~ 1) ~G yfl
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+Z2 dzdydx

X l: y~,~ )~ )~ ';~u ~4 J,9 Jli.o J.> ~1.r: 0-!.1~~ ~1~..>~ ;l5' J,.9 ~~I C!li ~bu, ciS ~l ~.~

.~.~~

www.ieun.ir



:~~L)y~l~

IIf rr:: r f~ f4 ~ f2 f~ ~14
R '\jx-+z-dv= x=-2 z=-~4-x2 Y=X2+Z2 \/x-+z-dydzdx= x=-2 z=_~4_X2Y·\/X-+Z- ? dzdx
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.~:. ~bt:..;1 . \(' :'. d..J 4\> .. L oS~ (r 8 z) ,Lld...iI~1 u~ o~~ 'L~~•• ' ••
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y y
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y
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3
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12 11: 32 641t 761t
==>v=41t+ -d8=41t+--=--

8=0 3 3 3

:~~ 01~·~ r ~ ~ 0~~~ ~1, ~ ,~ b~ r~ L 1) cSx?JI~l ~1~ ./1 :~,;

f4 r21t
v= z=O J8=0

x
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r=O rdrd8dz

y

y

x

:~~~ 1) ~.,)'~ cbl.O.:;~~

!X
2

+y2 +z2 =1 2 2 1 [ {;;2J2
2 2 2 2 X 2 + y2 = -'\/2i-f 2 2 => x +Y +X +Y =1 => x +Y =- =>

z=\jx +Y 2

x2 + y2 = 2x ~ (x _1)2 + y2 =1 :J>

.~ o~~l r ~~~~ 151y: J,.9 o)':'.l~ ~~Lt.o) ~.~ tiJ ~)~)} u~ i~)~ o)':'J~ j5;-o as0 1~ ~i' ~

x2 + y2 == 2x ~ r 2 =2rcos8~ r = 2cos8

{oses ~ ;OSrS2COSe}

1t 1t [ 2 Ja 2 1t [ 3] 2cos 82 2 - 2 cos8 a - 2cos 8 2 z a - r
I = fIf z~x +Y dv = f 2 f f z.r.rdz dr d8 = r2 f r . - dr d8 =- f2 - de

v 8=0 r=O z=O J8=0 r=O 2 0 2 8=0 3 0

1t

2 1t 8 2 1t 4 2 1t 4 3 ( 1 J12 8 2
=~ f2 8cos3 Sde =_a_f2 cos3Sd8=_a- r2 (1-sin2S)cos8d8=_a- sin8--sin3 e =_a_

6 8=0 6 8=0 3 J8=0 3 3 0 9
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z- 1+-
7n 2 1+- 2n 2 r2 4 21t 2 1 z2

v = fff dv = f-- f f ,4 rdrdzd8 = f f [-] dzd8 = f f -(I+--Z)dZd8
R 8=0 z=O r=-v z 8=0 z=O 2 ~ 8=0 z=O 2 4

( ) [ ]

2
2n 2 Z2 z 1 211: Z3 Z2 Z 21t 1 21t

= ---+- dzd8 = ---+- dS= -d8=-f8=0 L=o 8 2 2 f8=0 24 4 2 0 f8=03 3

3 X
2+ y2 + Z2 S;; 1 .x.~ lSU,o.;--s <I......?)~V ~L; ,} ),) u 1= HLx2dxdydz ~b..o.:....-.....,I y,..J.b..o:V J~

.~4~ x2 + y2 + Z2 ~ 2z

:~

{

22 2 . 2
X + Y + z == 2z I? 2 3 J3

=>z==-=>x-+y =-= -
X 2+ y2 + Z2 =1 2 4 [2)

OS;;eS;;21t;OS;;r::;~ ;I-JI-x2- y2 ::;zS;;~I-x2-y2

J3jki
1= fff x 2dx dy dz = Iff (rcos8)2r.dzdrd8= f21t f2 r l-rr:-2r3cos2SdzdrdS

V V 8=0 r=O Jz=I--vl-r-

.J3

= f2n fJ!-(2r3Jl-r2 _r3 }.( 1+ COS28 J dr d8 = f21t (!+!COS2S).[2(r
2-1)(3r2+2).J17

r
4 ]Tde

8=0 r=O 2 8=0 2 2 15 4 0

f2n 53 (1 1 )' 53 [1 1 J21t 531t
= - -+-cos28 d8 =- -S+-sin28 =-

8=0960 2 2 960 2 4 0 960
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.~... ~~I . 1< .... c:;\.J ~ •• L as ~L (r 8 <p) <u~ o~~ l.tb ' ..
~~. )"!.)~ . . ~ . .~" l5~.Y l5 ~

x

y

{

X = r.sin tp.cos O

y=r.sin<p.sin8 ~ 8=Aretg I
x

Z = Leos <p

.dx dy dz e r ' sin <pdrd8d<p

.~I

r E [0,+00) ; 8 E [0,21t] ;<pE [0,1t]

:~L ~b L..L:;.. ~ 1 . ul5:.i... y-. ) ~.)

~~ ~.9 ~I o~ ~~~ ~z)~ ~ Jyb 0..:.) oS xoy~ X ~~ ~1151~ ~ ~~ 8=80 ~I) ('

.cjL.,~ I) 80 ~..9lj lsx )~

l~ jSyA ~ L5lo~.1~ '0115~ltb o)"!.I~ ~ ~I lsz 15)~ 01)~ oS ~1l51d..i1~1 ~~ 151~1~1 u~ )~ r =a ~I) (,

.at~ ~ u~ l~ jSyA ~ ~115lo;S p~ 15~;S u~).j .9 ~I a t~ ~ u~

UbZ)~ 0 1)~ ~ ~l u~ l~).j 0 1 jSyA as ~I ~.9~ ~~ l51~1~1 U~)~ (a>O)z=ar ~I) (,

~ ~I ltb z )~ '01 )~ ~ o~~ u~ l~ )~ 0' U""l) oS~I ~~~ ~~ 15.9;Su~ )~ <p =<Po ~I) ~ ~4~

.~I 2<1'0 ..b~~ 0-!.1 ~l) ~.~Ij 4 1

. 222

w~ o~~ ~~ (.S!.l.tb~~. ~ )'~I~ ,) La ,d..i~~ 15l.tbJI~1 ~L..o)~ ;-+bY 2 +; ~Lo lS.ltbU)~ .)~~ (f
a c
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{

X = a r sin <p.cos 8

y = b r sin <po sin 8

z =crcos<p

x 2 s' Z2 2
-+-+-=r
a 2 b 2 c 2

=> dxdydz=a.b.c r 2 sin <pdrd8d<p

:~~~J,:a~

~ z = ~3( x2+ y2) .b~~ ~I.) ~ 0">""::' ')~..l=o ~ V01 ).) <is I = HI zdv <tjl5'<I....J Jl~l ~b .:.....,1 y,.Lb :, J\i.o

.~~~ X
2

+ y 2 + Z 2 =4 0.;5'

y

x

~~lj l; ~.)l.S" ..:..L ~.~ u-:r'" ~ "-'!.1 .:.....,"-'! ~( x2+ y2) )..I.ii.o l; ~.)l.S" z ~ ).u.o ~ cp ~~lj ).u.o 0.).;5' I~. \.Sly'

.~~ l~. <p

,J 2 2 1z=l=> x +y =-
J3

1
1 1t

=> tg<p=-=><p=-J3 6

1t 1 1t

1= fIf zdv = 16 r21t r2
(rcos<p).(r2 sin<p)drd8d<p=- f"6 r21t r2

r3 sin2<pdrd8d<p
v <p=0 Je=o Jr=O 2 J<p=o Je=o Jr=O

1 ~ 21t r412 ~ -1 ~
=> 1=- r6 f -. sin2<pd8d<p=2 r6 21t.sin2<pd<p=41t.-[cos2<p]6_o=1t

2 J<p=o Je=o 4 0 J<p=o 2 <p-

X2+y2+Z2=4 Z~~ )x2+ y2+ 3x2+ 3y2 = 4 => x2+ y2= 1

fIf 2rc fl .;: 1 21t 1 [ JI J;k21= Zdv=f f C2z.rdzdrd8=-f f z2 rdrd8
v . 8=0 r=O z=....;3r- 2 8=0 r=O r.J3

f21t JI (3) f21t [r2 r4] 1 1 1
21t

=2· r-r drd8=2 --- d8=2.-.[8] =1t
8=0 r=O 8=0 2 4 4 0

o
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0;5 ~ ~~..l....=o ~ Z= b~ L5)1~ ~ o~ ~~~~ .V i) )~ 4S 1= fft (x 2+ y2 +z2)dv <\.ilf<l...J JI~I :Y Ju...

~~.~ Slo.;S ~ S1~1~1 w~)~ I) ~~~ x2+y2 +Z2 = a2

{

X
2+ y2+ Z2=a2~r=a

z =b~rcos<p= b~r =_b_
cos<p

x

z

y

:t..SJ~ u'·o;;o ~JJ ~ ~

.~~~) I) J~ ~l.i 1~1

b
cos<p =-

a

{

X 2+ y2+ Z2 =a2 ~r2+z2 =a2~z=-Ja2-r2

z=b

I
21t i)a2 _b

2
J~() 2n ( b

5
5a"bJ1= . r2+z2 rdzdrd8~I=- a5+ _

8=0 r=O z=b 5 4 4

:J.>

(x 2+y2 + Z2t = xyz=> (r2)3= (rsin rpcos8).( rsin <psin 8).( reos <p)=> r3=sin2rpcos8 sin Ocos <p

1t 1t 3/'2 S'S 1t 1t (1 J
1- 1- IV SIn <p.cos .SIn .coso i- I-

V = 2 2 r2.sin<p.drd8d<p= 2 2 -sin2<p.cos8.sin8.cos<p sin<pd8.d<p
q>=0 8=0 r=O q>=0 8=0 3

1t 1t

1 r~ . 3 d r~ . 8 8d8 1 1 . 4 1

2
(1 . ? 8JI2 1= - JI SIn o.cos <p <po JI SIn .cos = -.-SIn <p . -sIn~ =-

3 q>=0 8=0 3 4 0 2 0 24

x 2 y2 z2 2
-+-+-=r :~.)~~~ SUb~~) o~~1 ~:J.>
a2 b2 c2

I = HL [:~ + ~~ + :~ JdV = S$=o s~L S:=o r
2.abe.r2

.sin o drd8d<p

= abc.(-eos<p)1to·(8)1 to.[ r;) :=0 = (abe ).(1){~JGJ= ~~ .1t
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.x' + y2 + Z2 = 16!J x 2+ y2 + Z2 = 1 wI.? ~!J Z=~X2+y2 Jo!J~ J>b~ ~b.o ~I ~¥b :OJlio

'~)!Jl ~~ 01~'~ o.? cJ~Lt..o!J~) I) r wl~' ~!J~ :J>

{

X2+y2 +Z2 =1 =>

x2 +y2 +Z2 =16 =>

r=1

r=4
=> 1:::;r:::;4

1tO<<p<- b<p"1 .,,~~ ... I. - - 4 ~.) ~ ~!J ~ S ~ !J

:~1 ;-?j w)~ ~ (r,<p,S) ~~ wl~ ~!J~ ~~ ~l.b ~ o.:::-i ~~.

{

z =r
=>r=4 =>0:::;r:::;4

z=4

{O:::;S~ 21t; 0:::;r:::;4; r:::;z:::;4}

{o:s; e :s; 21t ; os q>:S; ~ ; 1:s; r:S; 4}

I = III dv = J21t f~ J4 r2 sin <pdrd<pd8 = J21t I~ Sin<p.[~]4 d<pd8 => V = J21t I~ 63 sin <pd<pd8
v 8=0 <p=0 r=l 8=0 <p=0 3 1 8=0 <p=0 3

63 J21t ~ 63( J2] 121t 63( J2] (J2]=- [-cos<p]4d8=- 1-- d8 => V=- 1-- .21t=421t 1--
3 8=0 0 3 2 8=0 3 2 2

~~.)!Jl ~~ 1) ;-?j Jl~l ~l.> ~~;f ~.) Z== 4 ~!J Z== r Jo!J~ ~ )~~ V olf~ :~ Jlio

1= fIt (x' +i + z2)dxdydz

:~I I.~ w ~ ~ '.. d..J5" wI '" o~ ~
~ )~. ~ .. ~!J

:~I~ ~19- III

[ ]
4 ( )2n 4 4 2n 4 rz3 2n 4 64 r4

1=1 J J (r2+z2)rdzdrd8=f J r3z+- drd8=J f 4r3+-r-r4-- drd8
8=0 r=O z=r 8=0 r=O 3 r 8=0 r=O 3 3

( ) [ ]

4
21t 4 4 4 3 64 21t 4 5 4 32 2 768 1536

= 1 f --r +4r +-r drd8= f --r +r +-r d8=21tX-=--1t
8=0 r=O 3 3 8=0 15 3 0 5 5

:c.S'~ u~ )1 DlAw,1 ~ J,J Jlio J.>
~It=> c..S!J.? w~)~ J,s ;-?~~ ~.~ ~ I~ .~I r == ~X2 + y2 ~I;-? sld,jI~1 w~)~ r~~I~~ 45S),b0loJb

:~b

4
z =4 => r cos <p == 4 => r ==--

cos o 1t
~ <p=-

4

4 _4_

I=JII (x2 + y2 + z2) dV = f
21t r~ fCOS<Pr4sin<pdrd<pd8= r2n f~ sin<p.[~]COS<Pd<Pd8

V 8=0 J<p=O r=O J8=0 <p=o 5 0

5 n []~ [ ]21t4 2n - . -5 1024 21t 1 -4 4 1024 3 1536-J f4 sin e.Icos rp dq>d8=--J -(cos<p) d8=--x-x e => I=--1t
5 8=0 <p=0 5 8=0 4 <p=o 5 4 0 5
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I = Ie f (x , y, z )ds

,~)~ ~~~c~ <.S~))~ (x,y,z) L5llb~ ~ 4S ~l;i) ~~,:; 4tAS ~101 UbJI~1 tY 0:>.1 ~bu,)~ ~ o~L9

w I.~ lA~ ..... ~ ...« ':., '1 ',. ,I "1 '" ~ ~ ,'.. ~ ds f ~ Ub '.. W
t cr: . ~.r~. ,'~~ y-::J )~ u ~~ ~ ~ ~,~~ ..~~ ~) ~ r

,~... I ~~ J1e'~:1 .s,
~~t..5~ •• ~ .,
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ds == )1 + h? (y) dy

ds == ) p/2( t) + q/2 (t ) dt

d .J I') I') I'>
S == P - +q - + r - dt

~; 0-:.~ ~bx.~~. ~~ J~ ~~ ~ \.:)~~ J.9\ t~ h?JI~Jl~\ ~~)l) 0-!.; ~.~ L)~ ~ :, ~

..:l}! ~Ip. C~J~~ Ie ds 4S

sx =21t Ie y.ds

-. =21t Ie xds
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{
X = e' .sin t

~ t =1 l:i t =0 ~LS)~ t ~ jl~ J,Jo ~bt..o ~l y,.Lb:' Jlto
y = e .cos t

:J>

{

x = et sin t

y = e' cos t {
X' = e' sin t + e' cos t '2'2 2t r1

=> => x + y =2e => L = JI ds
y' = e' cos t-et sin t t=O

2: 3 _ . :oOL
2fi1tr2 (1+ sin e)2 .cos 8dS u-l+S1n8 uo~ .

Jo du=cos8d8

~~I~I~ x=Lna l:i x=O) y=coshx ~Lr'~J,Jo:YJlto

y =cos hx => s'=sin hx =>~1 + y'2 = ~1 + sin h2x = ~COSh2X =cos hx

1
Lna ILna eLna - e- Lna a - - a2 - 1

L = J coshxdx=sinhx =sinh(Lna)-sinh(O) = __a =--
x=o 0 2 2 2a

~..::......I fb5" x = ~ lJ x = 0 jl f (x) = J: .Jsin t dt~0"~ J,Jo,f Jlio

: ..~ .... :. f(x) ·1 ... .~'i ~ := L, : 1-
~.~~~ ) y-::J... .. ~ u--

f(x) = Jsin x ==> f(~) = sin x

L= i~.J1+sinxdx=i~ (sin~+cos~J2dx= i~(sin~+cos~JdX=-2COs~+2sin~I~=2
o 0 2 2 0 2 2 2 2 0

~.~.Io~l~ L))~~ Lsy )~ J~ I)~I o~ i91~ u~ o~~ J.91 ~) )~ oS r = 1+ sin e l5W~ )~ :f Jlto

~~~ I) L"')~~ ) ~lS'

r = 1+ sin S=> r =cos e

r2 +r'2 =(I+sine)2 +cos28= 2+2sin8

ds = .Jr2 + r'2 de = J2 ..Jl + sin S d8
x n

Sy = 2n. Ie x ds=21t fo2 (1+sin 8)cos8ds=21t fo2 (1+ sin8).cos8.J2 ..J1 + sin 8 d8 =

3 [5]2 r:2 - du 2 - 4'\1 2 1t
)Sy =2J21t r u 2 .cos 8.- - = 2,J2 1t.- . u ' =--.(4J2-1)

Ju=1 cos O 5 5
1

:J>
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{

X(t) = e' sin t {dX = e' sin t + e' cos t

y(t)=etcost ~ dy e ecos t-e euin t

z(t) = e' dz =e'

ds = ~(et sin t + et cos t)2 + (et cos t - et sin t)2 + (e t)2 dt

~ ds = ~2(e2t sin ' t +e2t cos ' t)+e2tdt = .J3e2tdt =.J3etdt

:~.

"-.bi; ~. ~YJ )~~ r=xI+yJ+zk ~~ ,~~ p)~ ,) F=P(x,y,z)I+Q(x,y,z)J+R(x,y,z)k lS5~ '-~)~

:~, ~bt..o ~1.9~.j u)~ ~ c o,~~~ lS5) F lS5~)lS' ~b~ ~~ La.9)~ o,~~

w == 1P.di' == 1p(x, y,z )dx + Q(x, y, z)dy+ R (x, y,z)dz

."~ ~ ~~ ,k;J' .~ J' .~.~:, ~ "t\g J,e'~:1 ~
~.r cs" r5 LT ~- -~~ r-- .. t,.jr r-' .

~)~ ~~5 c~ 155) )~ lA>~~ tAS ~t;;)' ~ ~~ ~ ss ~I 01~ ~JI~' tY ~.1 ~bt..o lSIy! ~ o~1.9

J> I) ~b ~ et;~. J'~I,~ 0 1~5~ ~ ~~ ~ 5 ~.~ ~~. ~~ ~ ,) (Pdx+Qdy+Rdz) W)~

.~~

:"J-J:.~ ~L..c.t..o

<L.bA.; jI u .L..::,~~ x == y2 + Y~ jI~ c l.) .)'~ 6.S 1== 1(x - y2)dx +(xy+ l)dy ~b.o..:......1y¥h. :, Jlio

.~I o~ o~~. (0,-1) ~ l:; (0,0)

:J>

x =y2 +y ~ dx= (2y+l)dy

:~~0'y~Jb

1= f:~-l (y2 + y_y2)(2y+ 1)dy+((y2 +y).y+l)dy == r. (2y2 +y+ y3 +y2 + l)dY == C-l (y3 +3 y2 + y+ l)dY ==~
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~.k:S ~~ I ~l o~~ ••.. .) .. }J

w= I x2dx+(y+z)dy-zdz

:~.)b c~ l53)

x = t =>dx == dt }
y =2t =>dy== 2dt =>

z =_t 2 =>dz == -2tdt

2-1
c: y -1 =--(x -O)=>y-l = x =>dy==dx

1-0

5

3

- r xdy- ydx
.(O~t~2n);y==asint;x==aeost o~.1~c01)~4S,I== Jl 2 ? ~~~I~~:fJli.o

ex + xy + y-

{

X =acos t => dx =-a sin tdt

y =a sin t =>dy = a cos tdt

1= i xdy - ydx = f21t (acos t)(a cos tdt) - (a sin t)(-a sin tdt) = f21t a
2

dt

c x ' + xy + y2 Jt=o a ' cos ' t + a' sin t.eos t + a2 sin" t Jt=o a 2 + a2 sin t.cos t

r21t dt 4nJ3
=> I = Jt=o 1+ sin t cos t = -3-

~ ~l ~13 ;-::---0 l5.~1 ~ l>'.1~1 ..blA.; ~ ~1 )"! 0.9'>k~ ~. l5~) ~ 3~ ~. )5"~~~ )~ ~b~ c:\Sl5),.b0~

.9 \S.l~l .bljij ~ 4;:; 3 o~~ ~ ) ~~~ 01)lS ~~ )~.4. P ~)JA l5~~ 01~./1 ~l ~)~ ~ ~~ ~~

.~ b ~.~ .... L":l) l5~~I$.~
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tS~ ~ ~ ~4 )~4 ~~ 01~ ~1 oS:.;\ tS1~ ~l5' , ~j':J .b~ ~.~ P ):'J 1) F=pI+Q1+Rk L5~~ 01~

:tAS ~1 0\ ~4 ~jI~ JPdx + Qdy + Rdz

. :'L,~b .. ~ ~L,VxF=O(~1
~. L5~.~.

ap aQ ap aR aQ aR
ay =~ ; az =~ ; a;:=ay

~.1 )~ tAS ~4 Vu =F ~ ~yS I~. tSlu L>1~ ~. :~~ u (x, y, z) ~lA }~I ~l; ~ 0~.:'Jl.! w)~ ~ I) F L>I~ (~

.~~ 0'';~ u 0~yS '~. L5'~ ~ ~F )~.4 L5~~ 0'~ ~~. ~l; I) u w)~

do =p . dU=Q . dU=R
ax 'ay 'az

. Pdx+Qdy+Rdz=du tAS:'JyS 1~. L51u C!l;L>'~~. ·~4 J..ol5' ~1~.:'J ~ (Pdx+Qdy+Rdz) w)~ (c::

.J...:.~IS" x2+ y2 =1 0):'.1.) jI~ c l.»).) oS I =Ie (x 2+2y-I)dx+(2x +y+eY)dy JI~I ~b ..::.......,1 y~: \ Jl;.a

.~1 o~ 0:'J~. d~~ ):'J ~ o~ ~,~ w~ 0~:'J J~1 C!) ):'J ~
y

o..S :. cL>"~:'J ~ (' G ~:. 1< :. ~ I...:.. 1-- ..•. ~~ 1 ~ '.. ~ ~,~ ~.. ~
~~~ •~ ~. ' ~~~~~ ~.~~ ... )"'!) ~ lV-;;-- T ~ t$)~ )

.~I~ jI~ P :'J)}-O J'~'

:~.)b 6 're-
ap =aQ=2
ay ax

.:'J)~ ~4.~.~ ~~ (0,1) ~ I) (1,0) ~ 6 i.S~ fb):'J 0\ ~Gt..a ~ o~~~ jI~ p ~)}-O J'~1 ~.1~~

:~1:'J ~1,> 1lJ .~1 ~~. C!l; L.>:'J)~\ ~~ J,.9 J'~1 yl~ 0~)~1 ~~ ~.:'J 0') ~

au x 3

a-=(x
2+2y-I)=>u(x,y)=-+2xy-x L<.'""'~t4' X 3 2

X 3 >-----4)u(x,y)=-+L+2xy-x+eY

au y2 3 2
- = (2X + y+eY )=> u(x, y) = 2xy +-+eY

ay 2

(01) . (01) 1(o,1) x ' 2 1(0,1) 1
1= r' (x2+2y-l)dx+(2x+y+eY)dy= r' du=u =-+L+2xy-x+eY =e+-

J{1,O) J{1,O) (10) 3 2 6
, (1,0)
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fP,2,3) ( 2 )
.1= J(O,O,O) 2xdx+ z +2y dy+2yzdz J'~'~bu,~I~,lb:YJli.o

:~.)~ oS ,~ ~I~ jl~ J,sJ'~' oS~~~ ~~ ~~~ 4:J.>
ap = aQ =0
ay ax

aQ aR
-=-=2z
az ay

ap =aR =0
az ax

~ c\J' (00 0)~ oS~' L.....:. ,C Jle'~:1 ~~~ 1- 01 ~ ~I '1 I~" - "j'\g J,e·~:, . , L:..,.) " ~~ ~') .r-' . cr" ) .. , ~) ~ L9r .r- ~.~ .

.~I J:--;~. ~l; jl 0~l.A::.-.,1 ~.~ j> 01), J.:S~~, (1,2,3)

:(.J:a.:>~ tS,) JI~I~~) , J> DI)

{

X = t=>dx = dt
x-O y-O z-O x y z
--=--=--:::::>-=-=-:::::> y=2t=>dy=2dt
1-0 2-0 3-0 1 2 3

z = 3t=>dz = 3dt

1= to 2tdt + (ge + 4t ).2dt + 12t2.3dt = to (lOt +54t2)dt = 23

du( x, y, z) = 2xdx +( Z2 + 2y )dy+ 2yzdz

au () 2-=2x=>u x,y,z =x
ax

ltb~l~t41
au 2 () 2 2 () 2 2 2-=z +2y=>u x,y,z =z y+y )u x,y,z =x +y +yz
ay

au () 2- = 2yz=>u x, y,z = yz
az

(1 23) (12 3) 1(1,2,3)
1= i" 2xdx+(Z2+2y)dy+2yzdz= i 'dU=X2+y2+ yz2 =23

(0,0,0) (0,0,0) (0,0,0)

.~ ..e. L:.: ~ 1 . ,C • 'I~ ·rJlio•..~~) ) y-!.) ~,~ U .. .

.F= (ax 2 y +1)T+ (x' + bye-z )} + (_y2e-z + Z2 )k

.~L ~L "'~' 1oS ~L.., -L' b a ~~. 'I (~I. ) ..... ,.;-::J u .. l...X. •••••• '.5),..,) ';-!. ~,

(~I :J.>

=> - bye" = -2ye-Z

ap = dQ :::::>
ay dx
ap dR
--- =>
az dx
aQ =dR
az ay

0=0 => a=3;b=2
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F= (3x 2y + 1)i + (x 3 + 2ye-z)] + (_y2e - Z + z2)f

: L., 1 u I :l:J l:; ~L
~ ... ) ~ ... C: ... ~.

au
- = 3x2y+ 1=>u (x, y, z) = x3y+ xax
a ltb~l~t~1 Z3
u 3 2 -z ( ) 3 2 -z () 3 2 -z k-=x + ye =>u x,y,z =x y+y e >------+)U x,y,z =x y+x+y e +-+ay 3

~~ = _y2e~Z +Z2 =>u(x, y,z) = y2e-Z+ ~

31 (0,1,0)
(0,1,0) - - - (0,1,0) 1 2 Z 5

W= r (3x2y+l)i+(x3+2ye-z)j+(-y2e-z+z2)k=>W= r du=x'y+x+ye-z+- =4e+-
J(1,2,-i) J(1,2,-1) 3 3

(1.2,-1)

<L.b.A.;) o....S y= x2 ~)~lS~).r. I (2xsiny+eXy2)dx+(2eXy+x2cosy)dy ~l=o c.......1 y~ :f Jli.a

.~1 o~ o~~. (2,4) c:lbi.; l:; (0,0)

ap aQ x
-=-=2xcosy+2yeay ax

~ 0..5 ~~ L) ~1~~ ~.~ 01) ~ ~~ d.Al~l 1) j> , J~ ~lA ~ o~.? 1~. 1)~~~. c:l:; oS~1 0101) ~. :x.l~~

y

c2

x

01

y = o:=:} dy = 0; 0 ~ x ~ 2

000
1= f=o (2x.sin ?,':ex .02).dX+ (2ex .01;~2 cosO).0+ Co (4sin y,t e2y2).0 + (2ye2+ 4cos y)dy

I I

" I II I

:~.)1~~.

fl.) c:l:; oS~)~~ ~J ~ ~ ~~ ~ ;1 ~~ ~1~ Y=~1- x
2 ~l5~) l5~Jl~l oS ~1~ :J:>

.~1 ~ jl~Jl~l ~)k
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dP
P(x, y) =e" => CJy =e"

dQ
Q(x, y) == xe" =>~ == eY

dP dQ
=> -==-

dy ax

c' k> 0)4. l53J ,~? )lS c' ~ 03) ~),;~ c~ 03) 0 1~~ 15~ 3 ~I ~ ) ~ J,s JI~I 0-!.l~~

:~b ~I~ I~ 3 y==O 3 dy=O :~.)~

~ u ~)~ 153) ~ F==(siny.sinhx+cosy.coshx)i + (cos ycosh x e-sin ysinh xjj 153~)S :7' Jlio

~~.)31 ~~ I)~cs" ~3 (2,1t) d..6.; "--! I) (1,0)

:J:>
. . h h ap . h . hP(x, y) == SIn y.sm x + COS y.COS x:::>- == COS YSIn x - SIn ycos x

dy

Q(x, y) =cos y.cosh x - sin y.sinh x => CJQ =cos y sinh x - sin y.cosh x
dX

l.J" ~ 1 F . I :l:J G' ~LF . lS ,.·:qL 1 .. 1 ,1 I~" - "t'qJle'~:1 . 1 l.;.,
·~.)3 ...~ .) 153;-::-J~ .: C! .. . 153;-::-J) ~ .. 0 ~ 3~ ~)~ 19r r--~.~ .

<Px == P(x, y) == sin y.sinh x + cos y.cosh x =><P == sin ycosh x + cos ysinh x }

<Py == Q(x, y) == cos y.cosh x - sin y.sinh x => <P == sin y.cosh x + cos y sinh x

<p == <p(x,y) = sin y.coshx + cos y.sinh x

1( 2 .1t ) d [. h . h ] (2,1t) • h 2 . h lw == <p = SIn y.COS x +COS y.sm Xl 0) == -SIn - SIn
(1,0) ( ,

oKil~~ ~~. C!l~' ,-::........,1 o~ .)3.l.:>r.o c~ ~ <\; as R ~[j r"L0 ).) ~;, ~~ ,Q(x,y),p(x,y) C!I~ olfyA>

:~I~ 0~ L)';~

,( + P(x,y)dx+Q(x,y)dy == f'r (a
Q

- ap]dXdY'1c JR ax ay

y
c+

~x
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:~~~J.j~

),))~ ~ 4...S..::.........,1 4x2 +y2 =9~~ c 01),) 4S I = Ie (ex' +3y)dx+(l-x)dY ~6:..0 -::.......,1 y~:\ JI,i.,

.~Io~~~·~~

dQ dP
.~,)lS"~ I) a;' ay ,Q(x,y),P(x,y) Lx;~I:J>

x 2 dP
P=e +3y=>-=3

dy

4 dQQ=y -x=:>-=-lax

x

y

2 ap
P=x +3y=>-=3ay

3 2 so ?Q=x -y =>-=3x-ax

1= fl+ (-1-3)dxdy=-4~=-181t
\

~ . C-..;>L..o= 1t(~J(3)
~ 2

...: .....,1 x = v' ~ Y= x 2L>lJl,~ ~)~ <ly-u c ) ),) 4S 1= 4c (x2 +3y )dx +( x' - y2)dy ~6:..0..::........1 y¥ho :Y JI,i.,

:~~ ~) I) c d..:.->l.i L.~.::.:I :J>

... aQ ap
:~,)lS" ~ 1) a;' ay ,Q(x,y),p(x,y) ~

1 [ 4 2 ~~] x5 x3 2X~ 2X~ 26=3f -x +x +x 2-x 2 dx=3 --+-+---
x=o 5 3 7 3 35

x=o

y

2 :J>

·2 ·

x
4 dP

P=3y-x =>-=3ay
5 aQ

Q=x+y =>-=1ax

:~~ ~ ::J./ o~~IlJ-:..J~ jl \.)~.~ c ~)~ d..:.->l.iJ>I::J ).) J~ ~I~ ~~. ~ d.-?;ii ~

I=+ffR (1-3)dxdy=-2(c ~~j-.l.x.o,,-::->L;.::...>L.. )=-2(4X4-1t.(1)2)= 21t-32
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y

3 dP ?
P=y =>-=3y-

dy

3 dQ 2Q=-X =>-=-3x
dx

f. ~ ( 1 1 ) [ 3 1 J~ 93 2 1t 1+2cos2S+-+-cos48 d8=3 -S+sin28+-sin4S =-1t
8=-) 2 2 2 8 _~ 2

- 2

y

a

,~~~ x
2 + y2 = a

2
oy!.l~ ~ o~ )~ ~L; J.>b )~ as (0,0) c:\.h.Q.j ):J Q.9 P C!l:; oS ~.~~ ~,:..o ~~ ~ L

j> 1.:0 ~,.;:.(.S'" ~y.I)"! JI~I J..ol> ,~~ =~; dS ~l jI ~~ t~) l,Y..;~ ~ .laL: ~ ~I~ }'I ~ ~~~ d.:......>~

:~l Y:.j u)~ ~ J,9~

:~.):J~.~ yb :J)~ Jl~l ~Gu, ~ x
2

+y2 =a
2
~ '-.5.9)

{

X =acos8=>dx =-asinSd8
uO) L:

. y =a sin 8=> dy ==a cos 8dS

1= f ydx-xdy
c x 2 + y2

tit (a sin a)(-a sin ada) -(a cos a)(a cos ada)
8=0 a2

(
2 . 2 2 2)

21t - a SIn 8 + a cos S 21t
= f dS = f -de == -21t 1= 0

8=0 a2 8=0
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J1 f (x, y, z) ds

1.J o....S (~ • L..Ci~~ ~ ..·4(I~ I ·1 ~z ~ wl'l ~ Ja>. Jb • ) ~L lsz ~ d..J~ . u- - _1_. S .-1_. ·~I. c---' .. ).r-') U )T -- ) ~. .r: ~. . )T --. . ~~ C--"" r

:~b 0LJ 01~~ ~1 o~ ~~ S:Z=p(X,y) ~~~

I = fI f (X, y, P[x, y)). 1+(aPJ2 +(aPJ2 dxdy
D ax ay

ds

.~I xoy~ Sj) S~~~ D :4=:';

~~~~ s .II~ ..6<.5'~y I)~ Hds .:...Z 01~<.5' Jjl tY~ <.S~JI~1 .)J'1)lS" -:r.yJo.)L..., 01~ ~

.~.? I~. ~.j ~I)) (.:)~~ I) 01~~ o)~l ,~I o~ ~~ y e P[x.z] AJ~~ L 4S ~~ ~y)~

(aPJ2 (aPJ2
s = ffD 1+ ax + az dx dz

I

ds
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z

x.

y

y

az =-1

z=2-x-2y=> ~~ =>dS=~1+(-1)2+(-2)2dxdy
-=-2
ay

1 2-2y 1 j2-2Y

1= if (z-x)ds=f_ f- (2-x-2y-x).-!6dxdy=J6f_ [2x-x
2-2xy]

dy=>
D y-O x-O y-O x=O

I=-!6 Co (4-4y-4+8y-4y2 -4y+4y2)dy=O

wl.=a..o 0=-!,Q..::.....,1 Z =~X2 +y2 .b~~~)~s~})~,Q 1= fi zds ~JI~I ~b"::"""ly,lb ,r Jlio

x

y y

.~l o~ c91.9 z = 2,z =1

az 2x

ax 2)X2+y2 x2 2
Z = ~X

2+ y2 => =>ds = 1+ 2 2 +~ dx dy => ds = .J2 dx dy
az _ 2y x + y x + y

ay - 2)x2+y2

1= H~X2 +y2 ds= f" r r..J2.rdrdO =.J2. f" ~12 dO= 14.J2 1t
s 8=0 r= 1 8=0 3 1 3
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-2x
z =-;:::=:::::======

x 2~I-x2 _y2 X 2 y2 ~
=>ds = 1+ 2 2 + 2 2 dx dy = 2 2 dx dy

-2y I-x -y I-x -y I-x -y
z =-;:::::=====

y 2~1- x 2 _ y2

s= II, ds= r2: f~ ~ .rdrd9= r
z
: f"- ~ 1 Z .rdrd9= r

z
: (1-)I-a2)d8=27t(I-Jl-a2

)
s J8-0 r-OV~ J 8-0 r-O 1- r J8-0

f
a r
--dr

r=O )1-r2

~1-r2 =u=> -r dr edu M c---;
r=O~u=lU ) fu=l -du=l-vl-a

Z

r=a=>u=~I-a2

.~)~ )} X =1 ~

.~, .I.:..·-x ~~ ..l\qOw..>L;d.S~' ~: 1-
~ )~. . L9r.. ~.. ~

x = y
y ~y2 +Z2 y2 Z2

X = Jy2 +Z2 => =>ds= 1+-2--2+-2--2 =12dydz
x = Z Y +Z Y +z

z ~y2 +Z2

1

1
21t 1 21t 1 12 21t 7th

1= II. x2ds= r f 12.r2.rdrd8=12 r f r3drd8=- r [r4
] d8=-

s J 8=0 r=O J8=0 r=O 4 J8=0 2
o

..:...-..,1 Z = ~xz +yZ .b~~]1~ s 01 ).;) <JS 1= fi (xZl +XZZZ+yZzZ )ds ~ JI';::";I~b .:.....,1y~ ,0 Jli.o

.~I o~ I~ x 2+ y2 = 2x ~I~I .b-.,y' oS
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:J.>
x

z =---
x ~X2+l X2 y2

Z=~X2+y2=> =>ds= 1+---+ 2 2 =.J2dxdy
Z = Y X

2
+ y2 X + Y

y ~X2 +y2

x2+y2 = r2;x2 + y2 = 2x=>r = 2cos8;z = ~X2 + y2

1= JSs (X
2y2 + X

2Z2
+ y2z2 )ds= J:: t:S9

( X
2y2 +(~X2 +y 2r(X

2
+ y2) }-./2.rdrd8

= r21t
J2COS8 (r4 COS2 9sin2 8+ r4 )r-./2 drd8

J8=0 r=O

( )

2cos8

=-./2 J21t J2COS8 r5 .(sin2 8.cos2 8+ 1)drd9 = -./2. r21t
(sin2 8cos2 9+ 1). ~ de

8=0 r=O J8=0 6
o

32-./2 J21t 6 (. 2 2 )=-- cos 8 Sin 8 cos 9+1 d8
3 8=0

32-./2 J21t (6 8 ( 2) ) 32-./2 i21t (6 8 10) 29-./2= -.- cos 9 + cos 9 1-cos 9 d9 =-- cos 8 + cos 8 - cos 8 d8 = --1t
3 8=0 3 8=0 4

------------------------------------- :~),1~4.

.:~:. 1_· ·: ..:··~·L~I ~ L, ..1\~Jl.e·::l
~~ «r" ;-!.) 's-- ) . . ) ~ ~T .rr:

fcoso xdx =.!.COSO
-

1 x.sinx+ n-l Jcoso-2xdx
n n

)~ ~4~ ~.l ~ ~~~. )~y: ri ~ o~~ ~.LA9 ~~)~.~ s~4 ,~~ p)~ lJ F=pT+Q1+Rk lS)~~ L"l~

:~~~ ~.~ .J"!.j uJ~ ~ S~) o~)~ F )~~ 01~

<P = JJJi.iids

~~ <.SI~~~ L s~~4 ~ (J,l o-J~sUbJl~l J~) ~lo~y-S~~ I) ds 0 W 1~~ d..::::-~

:~.)~ 0~.~1./ ~y:JlS ~ d..::::-y ~ ~l ~.~ ,~4 o~ ~~ H (X, y, z)=0
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N=-z)-zyJ+k, n=I~1 ;INI=Jz;+z~+l

N= x 1+ y }+k
~9 -(x2+/) ~9-(x2+y2)

II F.nds= It (F.n)·INldA = It[F·I~I}iNldA = ItF.NdA = JJJxi +YJ+Zk){~9~~~y2 +k]dA

= II [-J X

2
+y2 +Z]dA=9 JJ ~ 1 dA=9 f1t r bdrde=9[eJ~1t,[-~9-r2JI3 =54n

A 9 _ X2 _ y2 A 9 _ X 1 _ y2 8=0 r=O 9 _ r 2 0 0

0).)~ L)~)LJ ~4 05x 53 ~05y 52~~\,j 0~4 oS z==xy J~~ 0~ ~)~ S ~~:Y Jlto

~~~ I) s~) oJ.j)~ F= I _y2} -zk

x, y ~ 0 ~z == xy

z = xy cc-z == y' z =x=> N== -z I -z J' +k= -yi - x-J' + kx 'y x y

IIF.nds= JJJF.n)INldA =HF.N dA =It F.N dA =It (-Y+ y2x- z)dA = Co Co(-y+/x -xy)dydx =

l
') j ? J~3 y- y' X yx 3 8x

I --+--- dx == I [-2+--2X]dX =-3
x=o 2 3 2 0 x=O 3

0)1.)r--: 01~ 3~I 0.)r---S .)3~ .)~ )~ I) V~ O--S ~4~~~. s~ uOy--E

:.)b 0L.,j 01':;~ ~4 ~~. ~I':; V~ ~lo.:i ).) F~l))~..) 3 F == p(x, y,z) i +Q( x, y,z)}+R (X, y,z)k

I c#s F.nds =JJI (V.F)dv I

41 P[x, y,z)dydz +Q(x, y,z )dxdz +R (x,y, z)dxdy = JJf)V.F)dv
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0r5'~~ s 01),) o.....S 1= c#s (y2 +z)dydz+(x3 -y)dxdz+(2z+xy)dxdy ~b..::..-....,..,Iy~:' Ju..

Y2 Z2

.~L x2+-+-=1

.~ 4 9

.' .• f( o...c>l <: ·~1~ .. 1J ~g ~ ~L tJS ~1~ ~ 1<: :'. ·1: 1-
~ . .r"~ .r ~~ }-4.r . ... ...: ~) v--

(
? )7 (:1)--: - - - a (2 ) a ( ) aF= y-+z 1+ x--Y J+(2z+xy)k=>V.F=- Y +z +- x3_y +-(2z+yx)=-1+2=1

ax ay az

J,..) &.-b ) I = fft (I)dv= 0~~~ =~1t(1).(2).(3) = 81t

:~),T~~.

·~1 ~~ . U d-.l. A~ •. ..~ . j-!.) )~ . ur~~

x

z

y

2
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J.->b ).) oS ~~ -s" X2+i +(z-1)2 = 1o}" ~ o~ .:l5.x>tA~ S 0\ ).:l~ 1= <f.L F.nds ~Gu, ..::.....,1 y~ :f Jli.a

...::.....,10\)<lb.ii..iy1b).:lS~DL>~5).:l~~).:l.r. n 5 F={x3,y3,z3) ...::.....,I~I~ Z=~X2+y2 .b~.rU

y

y

x

t

V => : tg<p=l=><p=~
1 4

•

= 3 f; f21t [~]12COS'P .sin <pdSd<p =~ ~ r2=1to32cos5 <psin <pd8d<p
J<p=o Je=o 5 5 !p=o Je

o

=>3C)21t)es2}cos" <p)(sin <pd<p) = 19;1t (~)(i) = 2:1t

1= rf.( df ds
'ffs dii --~) <#JVf.n) ------+) fff(V.Vf)dv <p

---~) fffv2fdv----~) =0
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g(x, y,z) = X
2+ l + Z2 -a2=> Vg =2(ri + Yi+zk);IVgl =~4( X

2+ y2 +Z2) =2a

Vg xi + Yi+zk
n--------Iv

g
!- a

') ? 'J 'J

F.fids= x +Y- +z- ds ----~) ~ds=ads
a a

:J>

<I> =c#~ F.nds = ffL div Fdv = ffL +3z
2dv =3 S:~o f;=o f:=o (r

2
cos

2
<p). r

2
sin <pdrd<pde =

1

f2n In 2 [r5
] 3 f2n In 23 sin <p.cos <po - d<pd8 =- sin <p.cos <pd<pd8

8=0 <p=0 5 5 8=0 <p=0
r=O

= ~ r2n [_ cos] <p] 1t de =~ f21t de = 41t
5 J8=0 3 5 J8=0 5

<p=o

J:>} 01) a.b.Q.; ~)~ s~ ~)l> ~ ~ ~~~. )~~ Ii ~ ~~ c~~) o~)~ ~ ~.~) c:hw s~ J»

olS:..il ,~~ ~~. ~lii s c:hw fLo.;)~ curLF ~ F=P(x,y,z)l"+Q(x,y,z)}+R(x,y,z)k l5)~YO! 01~ ~L:;-- ~~

:~b uL:..; Uly~

ct+ F.dr =4c+ p(x, y,z )dx +Q( x, y, z)dy+ R (x, y,z )dz =C#, (VxF).nds

)~ ~1) ~~~ .II d.S ~; ~.~ ,~~~~ ~1) ~~ o~1.9 ~ ~ii ~ c~~ 15~) yo!~~:~

.J..S~ ~~ 1) c~lS~);-: ~~ ,~1) ~~ u~10~~~ ~X:S )} fi )b;-:~

c+

c+
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oy-S ~L.ii.; jI j.....:>l.>~~ c l.) yH..5 1= ~C (y+z)dx +(x +z)dy+(x+y)dz ~L:..... .:.-..1..:,J,....lb:, JLi.a

.~4~ x+2y+3z=O ~~ X2+y2+ Z2 =1

F = (y+ z;x + z;x + y)

-+ a
curLF= ­ax

j

a
ay

k

a
az

uS~I~~

-----4)1= If. (VxF).nds=O

Y+z x+z X+Y

~..:l~~)..:ly---!n j~4~z=~9-x2_y2 o~&S01)..:l4SI=If.curLF.nds ~L:......:.......ly,tho :YJ~

z .~4~ F={x3+2y)i+{Z2_ X)1+{xz+y2)k
~o~~&~.1~)l>~

z = O::::>dz =0

y

1= 4c+ F.dr= 4c+ (x3 + 2y)dx +( Z2 - x)dy+ (xz+ y2 )dz

1= rf( (-1-2)dxdy= -3A = -271t'H'R J,

o~.l.) ~~= 1t(3)2

l..Sl.Jb~p ~ ..j)l>. )..:l ~ xoy ~)..:l ~Ij x2+ y2 =a2 0.r..b jyo C 01 )..:l 4S I =~c F.dR ~L:......:.......I y,tho:'t' J~

.~1 F=X
2y3i +J+zk ~ ~1 ~L.,

F.dR =( X
2y3I +1+ zk).(dx I +dYJ +dzk) = (X2y3dx +dy+ zdz]

xoy~ ::::>z=O;dz=O

[ ]I
a

-+..... 21t a 21t a 1 21t 1.r F.dR= r r (-3.r2cos 29.r 2sin 2S)rdrd9=-3 f I r5sin29cos2SdrdS=-- r -sin229. r 6 dS
'-jc Je=o Jr=O J9=0 r=O 2 J9=0 4

o

a'' r21t l-cos48 a" r21t a
6

( 1. J1
21t

1ta
6

=-- Jl dS=-- Jl (l-cos49)dS=-- 9--S1n4S =--
8 9=0 2 16 9=0 16 4 0 8
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J)G. ).;) J.91~~. jI ,) X + Y+ z = 1~ d....5 .:...wI~ jr> c 01).;) 4S 1= 4c F.dR ~b.:..o .:...wIy~ :f Jlia

.~~~ F = (y2 + Z2 )I + (X2+ Z2 )] + (x 2+ y2)k 01 )~ 4S~cs" l~ ~l-J L5Ub~~ ~

j k
- a a a - -+ -+

curLF= - = (2y-2z) i +(2z-2x) j +(2x -2y)kax ay az
(y2 + Z2 ) (X2+ Z2 ) (x 2+ y2)

G: x+y+z-l =0 => VG = i +} +k ;IVGI =.J3

VG I+]+kn - -- - ---=----
-IVGI- J3

ds= IVGI dA = J3 dA
IVG.kl 1

4c F.dR= II (VxF).ii.ds = II (2y-2z+2z-2x+2x-2y).J3.dA =0

y

x

~.r--ol)~. u'Y.)~ .
Z=1~X2+y2=9 . )x=3cost;y=3s1nt;z=1;Osts2n

r (t )= 3cos t I + 3sin t ] + k~ r' (t ) = -3 sin t I + 3cos t ]

F (r ( t) ) = -12 sin t I+ 2] +9cos t k

ct F.di'= l:: (-12sin t i + 2] +9cos tk ).( -3 sin ti+ 3cos t })dt = It:: (36sin 2 t + 6cos t )dt

i
21t 1- cos 2t i21t

= 36 dt + 6 cos t dt =36n
t=O 2 t=O

curLF=
a
ax

-4y

j k
a a -+ -+ -+

- =-2i-3j+4kay az
2z 3x

{

2 2z=10-x -y
:~.)~ ~ L5~)

z=1

ds = dx dy , ii =k

<#s curLF.iids=<#s 4dxdy =4 (x 2 +y2 =9 o)'!.b ~L..,) =4( 9n)=36n
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